An Online Plug-and-Play Algorithm for Regularized Image Reconstruction by Sun, Yu et al.
An Online Plug-and-Play Algorithm for Regularized Image Reconstruction
Yu Sun1, Brendt Wohlberg2, and Ulugbek S. Kamilov1,3,∗
1Department of Computer Science and Engineering, Washington University in St. Louis, MO 63130, USA
2Los Alamos National Laboratory, Theoretical Division, Los Alamos, NM 87545 USA
3Department of Electrical and Systems Engineering, Washington University in St. Louis, MO 63130, USA
∗Email: kamilov@wustl.edu
Abstract
Plug-and-play priors (PnP) is a powerful framework for regularizing imaging inverse problems by using
advanced denoisers within an iterative algorithm. Recent experimental evidence suggests that PnP algo-
rithms achieve state-of-the-art performance in a range of imaging applications. In this paper, we introduce
a new online PnP algorithm based on the iterative shrinkage/thresholding algorithm (ISTA). The proposed
algorithm uses only a subset of measurements at every iteration, which makes it scalable to very large
datasets. We present a new theoretical convergence analysis, for both batch and online variants of PnP-
ISTA, for denoisers that do not necessarily correspond to proximal operators. We also present simulations
illustrating the applicability of the algorithm to image reconstruction in diffraction tomography. The re-
sults in this paper have the potential to expand the applicability of the PnP framework to very large and
redundant datasets.
1 Introduction
The reconstruction of an unknown image x ∈ Rn from a set of noisy measurements y ∈ Rm is one of the most
widely studied problems in computational imaging. The task is frequently formulated as an optimization
problem
x̂ = arg min
x∈RN
{f(x)} with f(x) = d(x) + r(x), (1)
where d is the data-fidelity term that penalizes the mismatch to the measurements and r is the regular-
izer that imposes prior knowledge regarding the unknown image. Some popular imaging priors include
nonnegativity, transform-domain sparsity, and self-similarity [1–4].
Over the past two decades, a substantial effort has been devoted to combining the best regularizers with
efficient optimization algorithms. The large dimensionality of the imaging data and nondifferentiability
of many regularizers has led to the widespread adoption of proximal algorithms [5]—such as variants of
iterative shrinkage/thresholding algorithm (ISTA) [6–9] and alternating direction method of multipliers
(ADMM) [10–12]. These algorithms avoid differentiating the regularizer by using a mathematical concept
known as the proximal operator, which is itself an optimization problem equivalent to regularized image
denoising.
The mathematical equivalence of the proximal operator to denoising has recently inspired Venkatakrish-
nan et al. [13] to introduce the powerful plug-and-play priors (PnP) framework for image reconstruction.
The key idea in PnP is to replace the proximal operator in an iterative algorithm with a state-of-the-art image
denoiser, such as BM3D [14], WNNM [15], or TNRD [16], which does not necessarily have a corresponding
regularization objective. This implies that PnP methods generally lose interpretability as optimization prob-
lems. Nonetheless, the framework has gained in popularity due to its effectiveness in a range of applications
in the context of imaging inverse problems [17–25]. In particular, the effectiveness of PnP was demonstrated
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Algorithm 1 ISTA
1: input: x0 = s0 ∈ Rn, γ > 0, and {qk}k∈N
2: for k = 1, 2, . . . do
3: zk ← sk−1 − γ∇d(sk−1)
4: xk ← proxγr(zk)
5: sk ← xk + ((qk−1 − 1)/qk)(xk − xk−1)
6: end for
Algorithm 2 ADMM
1: input: x0 ∈ Rn, s0 = 0, and γ > 0
2: for k = 1, 2, . . . do
3: zk ← proxγd(xk−1 − sk−1)
4: xk ← proxγr(zk + sk−1)
5: sk ← sk−1 + (zk − xk)
6: end for
beyond the original ADMM formulation [13] to other proximal algorithms such as primal-dual splitting and
ISTA [23–25].
All current PnP algorithms are iterative batch procedures, which means that they use the full set of
measurements at every iteration. This effectively precludes their application to very large datasets [26]
common in three-dimensional (3D) imaging or in imaging of dynamic objects [27, 28]. In this paper, we
address this limitation by proposing a new online extension for PnP-ISTA. By using only a subset of the
measurements at a time, the proposed algorithm scales to datasets that would otherwise be prohibitively
large for batch processing. More specifically, the key contributions of this paper are as follows.
• We present a detailed theoretical convergence analysis of batch PnP-ISTA under a set of explicit assump-
tions. Our analysis complements the recent theoretical results on PnP-ADMM by Sreehari et al. [17]
and Chan et al. [18] in two major ways. We show that for PnP-ISTA the symmetric gradient assump-
tion from [17] is not necessary, while the bounded denoiser assumption from [18] is not sufficient to
establish the convergence.
• We extend the traditional batch PnP framework with our novel online algorithm called PnP-SGD. We
prove the theoretical convergence of the algorithm to the same set of fixed points as batch PnP-ISTA
and PnP-ADMM. This makes PnP-SGD a powerful and theoretically sound alternative for large-scale
image reconstruction. We also illustrate its applicability with several numerical simulations on image
reconstruction problems encountered in diffraction tomography [29].
2 Background
In this section, we provide the background material that forms the foundation to our contributions. We first
review the problem of regularized image reconstruction and then introduce more recent results related to
the PnP algorithms.
2.1 Inverse problems in imaging
Consider the linear inverse problem
y = Hx+ e, (2)
where the goal is to recover x ∈ Rn given the measurements y ∈ Rm. Here, the measurement matrix
H ∈ Rm×n models the response of the imaging system and e ∈ Rm represents the measurement noise, which
is often assumed to be independent and identically distributed (i.i.d.) Gaussian. When the inverse problem
is nonlinear, the measurement operator can be generalized to a more general mapping H : Rn → Rm with
y = H(x) + e.
Practical inverse problems are often ill-posed, which often leads to the formulation in (1). In such cases,
one of the most popular data-fidelity terms is least-squares
d(x) =
1
2
‖y −Hx‖22, (3)
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which imposes an `2-penalty on data-fit. Similarly, two common regularizers for images include the spatial
sparsity-promoting penalty r(x) , λ‖x‖1 and TV penalty r(x) , λ‖Dx‖1, where λ > 0 is the regularization
parameter and D is the discrete gradient operator [1,30–32].
Many popular regularizers, such as the ones based on the `1-norm, are nondifferentiable. Two com-
mon algorithms for working with such regularizers are ISTA and ADMM summarized in Algorithm 1 and 2,
respectively. The key step for handling nonsmooth regularizers is the proximal operator [33]
proxγr(z) , arg min
x∈Rn
{
1
2
‖x− z‖22 + γr(x)
}
. (4)
According to definition (4), the proximal operator corresponds to an image denoiser formulated as regular-
ized optimization. Note also that when the values for {qk} in Algorithm 1 are adapted as
qk ← 1
2
(
1 +
√
1 + 4q2k−1
)
(5)
the algorithm corresponds to the accelerated variant of ISTA, known as fast ISTA (FISTA) [34]. On the other
hand, when qk = 1 for all k ∈ N, then one recovers the traditional ISTA. In this paper, we will use the term
ISTA to refer to both algorithms, with an understanding that the selection of {qk} acts as a switch between
the methods.
A careful inspection of ISTA and ADMM reveals a fundamental conceptual difference between the al-
gorithms in their treatment of the data-fidelity. While ISTA relies on the gradient ∇d, ADMM relies on the
proximal operator proxγd. For a large class of linear and nonlinear inverse problems, the gradient of the data-
fidelity is significantly easier to evaluate compared to its proximal operator. As an example, for least-squares
we have
∇d(x) = HT(Hx− y) (6)
and
proxγd(x) = arg min
z∈Rn
{
1
2
‖z − x‖22 +
γ
2
‖Hz − y‖22
}
(7a)
= [I + γHTH]−1(x+ γHTy). (7b)
The matrix inversion in (7) can make ADMM updates computationally expensive for problems where the
measurement matrix is not easily invertible.
The theoretical analysis in this paper is closely related to the convergence results established for first-
order methods by Nesterov [35] and Beck and Teboulle [34]. In particular, our work is related to inexact
proximal-gradient optimization that was extensively investigated by several researchers [36–43]. We extend
this prior work beyond traditional optimization, where denoising operators do not necessarily correspond to
proximal operators of a given objective. To achieve this, we adopt the monotone operator theory [44, 45],
which enables a unified analysis of PnP methods by expressing them as finding zeros of some operator.
2.2 Using denoisers as priors
Both ISTA and ADMM have modular structures in the sense that the prior on the image is only imposed via
the proximal operator. Additionally, since the proximal operator is mathematically equivalent to regularized
image denoising, the powerful idea of Venkatakrishnan et al. [13] was to consider replacing it with a more
general denoising operator denoiseσ(·) of controllable strength σ > 0. In order to be backward compatible
with the traditional optimization formulation, this strength parameter is often scaled with the step-size as
σ =
√
γλ, for some parameter λ > 0.
The original formulation of PnP [13] relies on ADMM. However, recent results have shown that it can be
as effective when used with other proximal algorithms [23–25] or with another class of algorithms known
as approximate message passing (AMP) [46–48]. AMP-based algorithms have been shown to be effective
for problems where H is large and random [49,50], but are also known to be unstable for general matrices
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Algorithm 3 PnP-ISTA
1: input: x0 = s0 ∈ Rn, γ > 0, σ > 0, and {qk}k∈N
2: for k = 1, 2, . . . do
3: zk ← sk−1 − γ∇d(sk−1)
4: xk ← denoiseσ(zk)
5: sk ← xk + ((qk−1 − 1)/qk)(xk − xk−1)
6: end for
Algorithm 4 PnP-ADMM
1: input: x0 ∈ Rn, s0 = 0, γ > 0, and σ > 0
2: for k = 1, 2, . . . do
3: zk ← proxγd(xk−1 − sk−1)
4: xk ← denoiseσ(zk + sk−1)
5: sk ← sk−1 + (zk − xk)
6: end for
H [51–53]. Therefore, in this paper, our focus will be exclusively on the variants of PnP based on ISTA and
ADMM, summarized in Algorithm 3 and 4, respectively.
Several recent publications have analyzed the theoretical convergence of PnP algorithms [17,18,22,24].
Sreehari et al. [17] have established the convergence of PnP-ADMM to the global minimum of some implicitly
defined objective function. Specifically, by building on the theoretical analysis by Moreau [33], they show
that denoiseσ is a valid proximal operator of some implicit regularizer if it is nonexpansive and ∇denoiseσ(x)
is a symmetric matrix for all x ∈ Rn. Chan et al. [18] have proved a fixed-point convergence of PnP-ADMM
for bounded denoisers, which are defined as denoisers satisfying
1
n
‖denoiseσ(x)− x‖22 ≤ σ2 c, (8)
for any x ∈ Rn, where c > 0 is a constant independent of n and σ. Meinhardt et al. [24] have shown that
for continuous denoisers several PnP algorithms admit an equivalent fixed-point iteration. More recently,
Teodoro et al. [22] considered a special class of denoisers based on Gaussian mixture models (GMMs) and
showed that PnP-ADMM converges when the GMM denoiser is simplified to be a linear function of its input.
A different but related approach to denoiser-driven regularization was recently proposed by Romano et
al. [54]. They proposed the regularization by denoising (RED) framework, where an explicit regularizer is
constructed as
r(x) =
1
2
xT(x− denoiseσ(x)). (9)
Remarkably, they also showed that under some conditions, the gradient of the regularizer has a very simple
expression. More recently, Reehorst and Schniter [55] have provided additional insight into RED by estab-
lishing conditions for the existence of explicit regularizers based on denoising operators. The key difference
between PnP and RED is that the former does not seek to define an explicit regularization functional, but re-
lies on the fixed points of a given denoising operator for regularization. This generality of the PnP framework
makes it widely applicable, but also substantially complicates its theoretical analysis.
Another recent related framework is the consensus equilibrium (CE) by Buzzard et al. [56]. Given mul-
tiple sources of information (defined via image denoisers or other similar mappings), CE proposes to fuse
them by computing a specific equilibrium point. The CE framework extends the traditional consensus opti-
mization [12] to operators that are not necessarily proximal operators and formulates a new variant of PnP
that can handle multiple denoising functions. In this paper, we will restrict our attention to the traditional
PnP formulation under ISTA-based optimization.
3 Batch Algorithm
In this section, we present a detailed theoretical convergence analysis of batch PnP-ISTA. The results are
based on the fixed point analysis of Algorithm 3 and rely on basic convex and monotone analysis, summa-
rized in Appendix 7.1.
The central building block of PnP-ISTA is the following denoiser-gradient operator
P(x) , denoiseσ(x− γ∇d(x)), (10)
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which first computes the gradient-step with respect to the function d and then denoises the result with a given
denoiser. Throughout this paper, we assume that the function d is convex and has a Lipschitz continuous
gradient with constant L > 0. We are interested in convergence of Algorithm 3 to the set of fixed points of
the operator P
fix(P) , {x ∈ Rn : x = P(x)}. (11)
Note that when denoiseσ is the proximal oprerator of some convex function, fix(P) coincides with the set of
solutions of (1).
Proposition 1. Let denoiseσ(·) = proxγr(·) for γ, σ > 0. Then x∗ ∈ fix(P) if and only if it minimizes f = d+ r.
Proof. See Appendix 7.2.
Our central goal, however, is to generalize denoiseσ beyond proximal operators. The key assumption that
we adopt for our analysis is that the denoiser is averaged (see Appendix A).
Definition 1. Consider an operator denoiseσ and a constant θ ∈ (0, 1). denoiseσ is θ-averaged if and only if the
operator (1− 1/θ)I + (1/θ)denoiseσ, where I denotes the identity operator, is nonexpansive.
The class of averaged operators is a superset of proximal operators and a subset of nonexpansive operators.
In fact, the proximal operator is an averaged operator with θ = 1/2. Note that given any nonexpansive
denoiser, it is always possible to make it averaged by defining a damped operator D , (1− θ)I + θdenoiseσ,
with θ ∈ (0, 1), which has the same set of fixed points as denoiseσ [5].
Assumption 1. We analyze PnP-ISTA under the following assumptions:
(a) The function d is convex and differentiable with a Lipschitz continuous gradient of constant L > 0.
(b) denoiseσ is θ-averaged with θ ∈ (0, 1) for any σ > 0.
(c) There exists x∗ ∈ Rn such that x∗ ∈ fix(P).
We can then establish the following convergence result.
Proposition 2. Run PnP-ISTA for t ≥ 1 iterations under Assumption 1 with the step γ ∈ (0, 1/L] and qk = 1 for
all k ∈ {1, . . . , t}. Then, for x∗ ∈ fix(P), we have that
1
t
t∑
k=1
‖xk−1 − P(xk−1)‖22 ≤
2
t
(
1 + θ
1− θ
)
‖x0 − x∗‖22.
Proof. See Appendix 7.3.
The direct consequence of Proposition 2 is that
min
k∈{1,...,t}
{‖xk−1 − P(xk−1)‖22} = O(1/t), (12)
that is under Assumption 1, the iterates of PnP-ISTA can get arbitrarily close to the set of fixed points fix(P)
with rate O(1/t). Note that the result is expressed in terms of the distance to x = P(x) as PnP-ISTA is not
necessarily minimizing an objective function.
Recently, Meinhardt et al. [24] have showed that for continuous denoisers, the fixed-points of several PnP
algorithms coincide. The following proposition is a minor variation of their result tailored for PnP-ADMM.
Proposition 3. Under Assumption 1, the set of fixed-points of PnP-ADMM coincides with fix(P).
Proof. See Appendix 7.4.
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Algorithm 5 PnP-SGD
1: input: x0 = s0 ∈ Rn, γ > 0, σ > 0, {qk}, and B ≥ 1
2: for k = 1, 2, . . . do
3: ∇ˆd(sk−1)← minibatchGradient(sk−1, B)
4: zk ← sk−1 − γ∇ˆd(sk−1)
5: xk ← denoiseσ(zk)
6: sk ← xk + ((qk−1 − 1)/qk)(xk − xk−1)
7: end for
In the context of the work by Sreehari et al. [17], the propositions above indicate that the symmetric gradient
assumption is not necessary for the convergence of PnP-ISTA. Moreover, both PnP-ISTA and PnP-ADMM are
equivalent in the sense that they have the same set of solutions specified by fix(P).
The bounded denoiser assumption (8) is a more relaxed assumption on the denoising operator and was
used to analyze PnP-ADMM. However, we argue that it is not sufficient to guarantee the convergence of
PnP-ISTA. The following proposition builds on a specific counter example.
Proposition 4. There exists a function d that is convex and has a Lipschitz continuous gradient of constant L,
and a denoiser denoiseσ that satisfies (8), such that PnP-ISTA with the step γ ∈ (0, 1/L), qk = 1 for all k ∈ N,
and σ > γ/
√
c diverges.
Proof. See Appendix 7.5.
Definition 1 makes verifying that a denoiser is averaged equivalent to verifying nonexpansiveness of
some operator. As was argued in several recent publications [17, 18, 22] the task is more difficult for some
denoisers than it is for others and there exist denoisers for which this condition does not hold. However,
all recently designed denoisers for PnP from [17, 22] satisfy our assumptions. As an example, the modified
nonlocal means (NLM) filter from [17] is by definition an averaged operator.
4 Online Algorithm
We now introduce our second key contribution: the new online variant of PnP-ISTA called PnP-SGD. We
additionally prove its convergence for averaged denoisers.
In many imaging applications, the data-fidelity term d consists of a large number of component functions
d(x) = E[di(x)] =
1
I
I∑
i=1
di(x), (13)
where each di typically depends only on the subset of the measurements y. Note that in the notation (13),
the expectation is taken over a uniformly distributed random variable i ∈ {1, . . . , I}. The computation of the
gradient of d,
∇d(x) = E[∇di(x)] = 1
I
I∑
i=1
∇di(x), (14)
scales with the total number of components I, which means that when the latter is large, the classical batch
PnP algorithms may become impractical in terms of speed or memory requirements. The central idea of
PnP-SGD, summarized in Algorithm 5, is to approximate the gradient at every iteration with an average of
B  I component gradients
∇ˆd(x) = 1
B
B∑
b=1
∇dib(x), (15)
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where i1, . . . , iB are independent random variables that are distributed uniformly over {1, . . . , I}. The mini-
batch size parameter B ≥ 1 controls the number of gradient components used at every iteration.
Assumption 2. We analyze PnP-SGD under the following assumptions:
(a) The functions di are all convex and differentiable with the same Lipschitz constant L > 0.
(b) denoiseσ is θ-averaged with θ ∈ (0, 1) for any σ > 0.
(c) There exists x∗ ∈ Rn such that x∗ ∈ fix(P).
(d) At every iteration, the gradient estimate is unbiased and has a bounded variance:
E[∇ˆd(x)] = ∇d(x) and E[‖∇d(x)− ∇ˆd(x)‖22] ≤
ν2
B
,
for some constant ν > 0.
Note that Assumption 2(a) implies that the complete data-fidelity term d is also convex and has a Lipschitz
continuous gradient of constant L. The key difference between Assumption 1 and Assumption 2 is the last
condition. The fact that the minibatch gradient is unbiased is the direct consequence of (15). The bounded
variance assumption is a standard assumption used in the analysis of online and stochastic algorithms [42,
57,58].
Proposition 5. Run PnP-SGD for t ≥ 1 iterations under Assumption 2 with the step γ ∈ (0, 1/L] and qk = 1 for
all k ∈ {1, . . . , t}. Then, for x∗ ∈ fix(P), we have that
E
[
1
t
t∑
k=1
‖xk−1 − P(xk−1)‖22
]
≤ 2
(
1 + θ
1− θ
)[
γ2ν2
B
+
2γν√
B
‖x0 − x∗‖2 + ‖x
0 − x∗‖22
t
]
,
where P(·) is given by (10).
Proof. See Appendix 7.6.
This result shows that the convergence in expectation of PnP-SGD to an element of fix(P) is proportional to
the step-size γ and inversely proportional to the mini-batch size B. By controlling these two parameters, we
can obtain the following convergence rates.
Corollary 1. Consider Proposition 5 with the following fixed (i.e., independent of iteration k) parameters.
(a) For γ = 1/(L
√
t) and B = 1, we have that
E
[
1
t
t∑
k=1
‖xk−1 − P(xk−1)‖22
]
≤ A√
t
,
(b) For γ = 1/L and B = t, we have that
E
[
1
t
t∑
k=1
‖xk−1 − P(xk−1)‖22
]
≤ A√
t
,
(c) For γ = 1/(L
√
t) and B = t, we have that
E
[
1
t
t∑
k=1
‖xk−1 − P(xk−1)‖22
]
≤ A
t
,
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Figure 1: Test images used. Top row from left to right: Babara, Boat, Foreman, House. Bottom row from left
to right: Lenna, Monarch, Parrot, Pepper.
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<latexit sha1_base64="U+WCphaFoMpgkvRkD0A3allSBZI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbBVcnU1tqFU HTjwkUF+4DOUDJppg1NZoYkI9Rh8FfcuFDErf/hzr8xfQgqeuDC4Zx7ufceL+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqTCWhDZJyEPZ8bCinAW0qZnmtBNJioXHadsbXUz89i2VioXBjR5H1BV4EDCfEayN1MvvOQMsBIZn0PElJomdJldpL19AxZN a5bhUhqiIpjCkilDNrkB7rhTAHI1e/t3phyQWNNCEY6W6Noq0m2CpGeE0zTmxohEmIzygXUMDLKhyk+n1KTw0Sh/6oTQVaDhVv08kWCg1Fp7pFFgP1W9vIv7ldWPtn7oJC6JY04DMFvkxhzqEkyhgn0lKNB8bgolk5lZIhtikoE1gORPC16fwf9IqF W1UtK/Lhfr5PI4s2AcH4AjYoArq4BI0QBMQcAcewBN4tu6tR+vFep21Zqz5zC74AevtE/LalOc=</latexit><latexit sha1_base64="U+WCphaFoMpgkvRkD0A3allSBZI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbBVcnU1tqFU HTjwkUF+4DOUDJppg1NZoYkI9Rh8FfcuFDErf/hzr8xfQgqeuDC4Zx7ufceL+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqTCWhDZJyEPZ8bCinAW0qZnmtBNJioXHadsbXUz89i2VioXBjR5H1BV4EDCfEayN1MvvOQMsBIZn0PElJomdJldpL19AxZN a5bhUhqiIpjCkilDNrkB7rhTAHI1e/t3phyQWNNCEY6W6Noq0m2CpGeE0zTmxohEmIzygXUMDLKhyk+n1KTw0Sh/6oTQVaDhVv08kWCg1Fp7pFFgP1W9vIv7ldWPtn7oJC6JY04DMFvkxhzqEkyhgn0lKNB8bgolk5lZIhtikoE1gORPC16fwf9IqF W1UtK/Lhfr5PI4s2AcH4AjYoArq4BI0QBMQcAcewBN4tu6tR+vFep21Zqz5zC74AevtE/LalOc=</latexit><latexit sha1_base64="U+WCphaFoMpgkvRkD0A3allSBZI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbBVcnU1tqFU HTjwkUF+4DOUDJppg1NZoYkI9Rh8FfcuFDErf/hzr8xfQgqeuDC4Zx7ufceL+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqTCWhDZJyEPZ8bCinAW0qZnmtBNJioXHadsbXUz89i2VioXBjR5H1BV4EDCfEayN1MvvOQMsBIZn0PElJomdJldpL19AxZN a5bhUhqiIpjCkilDNrkB7rhTAHI1e/t3phyQWNNCEY6W6Noq0m2CpGeE0zTmxohEmIzygXUMDLKhyk+n1KTw0Sh/6oTQVaDhVv08kWCg1Fp7pFFgP1W9vIv7ldWPtn7oJC6JY04DMFvkxhzqEkyhgn0lKNB8bgolk5lZIhtikoE1gORPC16fwf9IqF W1UtK/Lhfr5PI4s2AcH4AjYoArq4BI0QBMQcAcewBN4tu6tR+vFep21Zqz5zC74AevtE/LalOc=</latexit><latexit sha1_base64="U+WCphaFoMpgkvRkD0A3allSBZI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbBVcnU1tqFU HTjwkUF+4DOUDJppg1NZoYkI9Rh8FfcuFDErf/hzr8xfQgqeuDC4Zx7ufceL+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqTCWhDZJyEPZ8bCinAW0qZnmtBNJioXHadsbXUz89i2VioXBjR5H1BV4EDCfEayN1MvvOQMsBIZn0PElJomdJldpL19AxZN a5bhUhqiIpjCkilDNrkB7rhTAHI1e/t3phyQWNNCEY6W6Noq0m2CpGeE0zTmxohEmIzygXUMDLKhyk+n1KTw0Sh/6oTQVaDhVv08kWCg1Fp7pFFgP1W9vIv7ldWPtn7oJC6JY04DMFvkxhzqEkyhgn0lKNB8bgolk5lZIhtikoE1gORPC16fwf9IqF W1UtK/Lhfr5PI4s2AcH4AjYoArq4BI0QBMQcAcewBN4tu6tR+vFep21Zqz5zC74AevtE/LalOc=</latexit>
  =
1
4L
<latexit sha1_base64="elUyN6dN9r6sLvSCyNlCIX8HWLI=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNSTase1CKLpx4aKCfUBbSibNtKHJzJBkhDIU/BU3LhRx63e4829MH4KKHrhwOOde7r3HjwXXBqEPZ2FxaXllNbOWXd/Y3NrO7ezWdZ Qoymo0EpFq+kQzwUNWM9wI1owVI9IXrOEPLyd+444pzaPw1oxi1pGkH/KAU2Ks1M3tt/tESgLPYTtQhKZ4nBaux91cHrnIK2DPg8g9LRc9fGZJGRVxsQSxi6bIgzmq3dx7uxfRRLLQUEG0bmEUm05KlOFUsHG2nWgWEzokfdayNCSS6U46PX8Mj6zSg0GkbIUGTtXvEymRWo+kbzslMQP925uIf3mtxASlTsrDODEspLNFQSKgieAkC9jjilEjRpYQqri9FdIBsTEYm1jWhvD1Kfyf1E9cjFx8U8hXLuZxZMABOATHAIMiqIArUAU1QEEKHsATeHbunUfnxXmdtS4485k98APO2yebTZVF</latexit><latexit sha1_base64="elUyN6dN9r6sLvSCyNlCIX8HWLI=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNSTase1CKLpx4aKCfUBbSibNtKHJzJBkhDIU/BU3LhRx63e4829MH4KKHrhwOOde7r3HjwXXBqEPZ2FxaXllNbOWXd/Y3NrO7ezWdZ Qoymo0EpFq+kQzwUNWM9wI1owVI9IXrOEPLyd+444pzaPw1oxi1pGkH/KAU2Ks1M3tt/tESgLPYTtQhKZ4nBaux91cHrnIK2DPg8g9LRc9fGZJGRVxsQSxi6bIgzmq3dx7uxfRRLLQUEG0bmEUm05KlOFUsHG2nWgWEzokfdayNCSS6U46PX8Mj6zSg0GkbIUGTtXvEymRWo+kbzslMQP925uIf3mtxASlTsrDODEspLNFQSKgieAkC9jjilEjRpYQqri9FdIBsTEYm1jWhvD1Kfyf1E9cjFx8U8hXLuZxZMABOATHAIMiqIArUAU1QEEKHsATeHbunUfnxXmdtS4485k98APO2yebTZVF</latexit><latexit sha1_base64="elUyN6dN9r6sLvSCyNlCIX8HWLI=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNSTase1CKLpx4aKCfUBbSibNtKHJzJBkhDIU/BU3LhRx63e4829MH4KKHrhwOOde7r3HjwXXBqEPZ2FxaXllNbOWXd/Y3NrO7ezWdZ Qoymo0EpFq+kQzwUNWM9wI1owVI9IXrOEPLyd+444pzaPw1oxi1pGkH/KAU2Ks1M3tt/tESgLPYTtQhKZ4nBaux91cHrnIK2DPg8g9LRc9fGZJGRVxsQSxi6bIgzmq3dx7uxfRRLLQUEG0bmEUm05KlOFUsHG2nWgWEzokfdayNCSS6U46PX8Mj6zSg0GkbIUGTtXvEymRWo+kbzslMQP925uIf3mtxASlTsrDODEspLNFQSKgieAkC9jjilEjRpYQqri9FdIBsTEYm1jWhvD1Kfyf1E9cjFx8U8hXLuZxZMABOATHAIMiqIArUAU1QEEKHsATeHbunUfnxXmdtS4485k98APO2yebTZVF</latexit><latexit sha1_base64="elUyN6dN9r6sLvSCyNlCIX8HWLI=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNSTase1CKLpx4aKCfUBbSibNtKHJzJBkhDIU/BU3LhRx63e4829MH4KKHrhwOOde7r3HjwXXBqEPZ2FxaXllNbOWXd/Y3NrO7ezWdZ Qoymo0EpFq+kQzwUNWM9wI1owVI9IXrOEPLyd+444pzaPw1oxi1pGkH/KAU2Ks1M3tt/tESgLPYTtQhKZ4nBaux91cHrnIK2DPg8g9LRc9fGZJGRVxsQSxi6bIgzmq3dx7uxfRRLLQUEG0bmEUm05KlOFUsHG2nWgWEzokfdayNCSS6U46PX8Mj6zSg0GkbIUGTtXvEymRWo+kbzslMQP925uIf3mtxASlTsrDODEspLNFQSKgieAkC9jjilEjRpYQqri9FdIBsTEYm1jWhvD1Kfyf1E9cjFx8U8hXLuZxZMABOATHAIMiqIArUAU1QEEKHsATeHbunUfnxXmdtS4485k98APO2yebTZVF</latexit>
  =
1
16L
<latexit sha1_base64="a709TImq/Ng8qaLBE2C86/TDZvA=">AAAB/3icdZBLSwMxFIUz9VXra1Rw4yZYBFdlUuzoRii6ceGigm2FzlAyaaYNTWaGJCOUcRb+FTcuFHHr33DnvzF9CFX0QOBwzr3k8gUJZ0o7zqdVWFhcWl4prpbW1jc2t+ztnZ aKU0lok8Q8lrcBVpSziDY105zeJpJiEXDaDoYX4759R6VicXSjRwn1Be5HLGQEaxN17T2vj4XA8Ax6ocQkQ3mG3Ku8a5dRxZkIOhWEatWaa4zjVt2aA7+rMpip0bU/vF5MUkEjTThWqoOcRPsZlpoRTvOSlyqaYDLEfdoxNsKCKj+b3J/DQ5P0YBhL8yINJ+n8RoaFUiMRmEmB9UD97sbhX10n1eGpn7EoSTWNyPSjMOVQx3AMA/aYpETzkTGYSGZuhWSADQdtkJXmIfxvWtUKMoiuj8v18xmOItgHB+AIIHAC6uASNEATEHAPHsEzeLEerCfr1Xqbjhas2c4u+CHr/QvWX5VX</latexit><latexit sha1_base64="a709TImq/Ng8qaLBE2C86/TDZvA=">AAAB/3icdZBLSwMxFIUz9VXra1Rw4yZYBFdlUuzoRii6ceGigm2FzlAyaaYNTWaGJCOUcRb+FTcuFHHr33DnvzF9CFX0QOBwzr3k8gUJZ0o7zqdVWFhcWl4prpbW1jc2t+ztnZ aKU0lok8Q8lrcBVpSziDY105zeJpJiEXDaDoYX4759R6VicXSjRwn1Be5HLGQEaxN17T2vj4XA8Ax6ocQkQ3mG3Ku8a5dRxZkIOhWEatWaa4zjVt2aA7+rMpip0bU/vF5MUkEjTThWqoOcRPsZlpoRTvOSlyqaYDLEfdoxNsKCKj+b3J/DQ5P0YBhL8yINJ+n8RoaFUiMRmEmB9UD97sbhX10n1eGpn7EoSTWNyPSjMOVQx3AMA/aYpETzkTGYSGZuhWSADQdtkJXmIfxvWtUKMoiuj8v18xmOItgHB+AIIHAC6uASNEATEHAPHsEzeLEerCfr1Xqbjhas2c4u+CHr/QvWX5VX</latexit><latexit sha1_base64="a709TImq/Ng8qaLBE2C86/TDZvA=">AAAB/3icdZBLSwMxFIUz9VXra1Rw4yZYBFdlUuzoRii6ceGigm2FzlAyaaYNTWaGJCOUcRb+FTcuFHHr33DnvzF9CFX0QOBwzr3k8gUJZ0o7zqdVWFhcWl4prpbW1jc2t+ztnZ aKU0lok8Q8lrcBVpSziDY105zeJpJiEXDaDoYX4759R6VicXSjRwn1Be5HLGQEaxN17T2vj4XA8Ax6ocQkQ3mG3Ku8a5dRxZkIOhWEatWaa4zjVt2aA7+rMpip0bU/vF5MUkEjTThWqoOcRPsZlpoRTvOSlyqaYDLEfdoxNsKCKj+b3J/DQ5P0YBhL8yINJ+n8RoaFUiMRmEmB9UD97sbhX10n1eGpn7EoSTWNyPSjMOVQx3AMA/aYpETzkTGYSGZuhWSADQdtkJXmIfxvWtUKMoiuj8v18xmOItgHB+AIIHAC6uASNEATEHAPHsEzeLEerCfr1Xqbjhas2c4u+CHr/QvWX5VX</latexit><latexit sha1_base64="a709TImq/Ng8qaLBE2C86/TDZvA=">AAAB/3icdZBLSwMxFIUz9VXra1Rw4yZYBFdlUuzoRii6ceGigm2FzlAyaaYNTWaGJCOUcRb+FTcuFHHr33DnvzF9CFX0QOBwzr3k8gUJZ0o7zqdVWFhcWl4prpbW1jc2t+ztnZ aKU0lok8Q8lrcBVpSziDY105zeJpJiEXDaDoYX4759R6VicXSjRwn1Be5HLGQEaxN17T2vj4XA8Ax6ocQkQ3mG3Ku8a5dRxZkIOhWEatWaa4zjVt2aA7+rMpip0bU/vF5MUkEjTThWqoOcRPsZlpoRTvOSlyqaYDLEfdoxNsKCKj+b3J/DQ5P0YBhL8yINJ+n8RoaFUiMRmEmB9UD97sbhX10n1eGpn7EoSTWNyPSjMOVQx3AMA/aYpETzkTGYSGZuhWSADQdtkJXmIfxvWtUKMoiuj8v18xmOItgHB+AIIHAC6uASNEATEHAPHsEzeLEerCfr1Xqbjhas2c4u+CHr/QvWX5VX</latexit>
D(xk)
<latexit sha1_base64="zCdihPJoYhpNgmjyqEuofnZN4mk=" >AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0WdeGygn1AG8tkOmmHzkzCzESsIb/gN7jVtTtx6z+49E+cplnY1gMXDufcyz0 cP2JUacf5tgpLyyura8X10sbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU381gORiobiTo8j4nE0EDSgGGkj9eyD Lkd6qILkOq10fZ48pvejk55ddqpOBrhI3JyUQY56z/7p9kMccyI0ZkipjutE2kuQ1BQzkpa6sSIRwiM0IB1DBeJEeUmWPoXHRunD IJRmhIaZ+vciQVypMffNZpZ13puI/3mdWAcXXkJFFGsi8PRREDOoQzipAvapJFizsSEIS2qyQjxEEmFtCpv54vPUdOLON7BImqdV1 6m6t2fl2mXeThEcgiNQAS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TlcLVn6zD2Zgff0CoOyb2Q==</latexit><latexit sha1_base64="zCdihPJoYhpNgmjyqEuofnZN4mk=" >AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0WdeGygn1AG8tkOmmHzkzCzESsIb/gN7jVtTtx6z+49E+cplnY1gMXDufcyz0 cP2JUacf5tgpLyyura8X10sbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU381gORiobiTo8j4nE0EDSgGGkj9eyD Lkd6qILkOq10fZ48pvejk55ddqpOBrhI3JyUQY56z/7p9kMccyI0ZkipjutE2kuQ1BQzkpa6sSIRwiM0IB1DBeJEeUmWPoXHRunD IJRmhIaZ+vciQVypMffNZpZ13puI/3mdWAcXXkJFFGsi8PRREDOoQzipAvapJFizsSEIS2qyQjxEEmFtCpv54vPUdOLON7BImqdV1 6m6t2fl2mXeThEcgiNQAS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TlcLVn6zD2Zgff0CoOyb2Q==</latexit><latexit sha1_base64="zCdihPJoYhpNgmjyqEuofnZN4mk=" >AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0WdeGygn1AG8tkOmmHzkzCzESsIb/gN7jVtTtx6z+49E+cplnY1gMXDufcyz0 cP2JUacf5tgpLyyura8X10sbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU381gORiobiTo8j4nE0EDSgGGkj9eyD Lkd6qILkOq10fZ48pvejk55ddqpOBrhI3JyUQY56z/7p9kMccyI0ZkipjutE2kuQ1BQzkpa6sSIRwiM0IB1DBeJEeUmWPoXHRunD IJRmhIaZ+vciQVypMffNZpZ13puI/3mdWAcXXkJFFGsi8PRREDOoQzipAvapJFizsSEIS2qyQjxEEmFtCpv54vPUdOLON7BImqdV1 6m6t2fl2mXeThEcgiNQAS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TlcLVn6zD2Zgff0CoOyb2Q==</latexit><latexit sha1_base64="zCdihPJoYhpNgmjyqEuofnZN4mk=" >AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0WdeGygn1AG8tkOmmHzkzCzESsIb/gN7jVtTtx6z+49E+cplnY1gMXDufcyz0 cP2JUacf5tgpLyyura8X10sbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU381gORiobiTo8j4nE0EDSgGGkj9eyD Lkd6qILkOq10fZ48pvejk55ddqpOBrhI3JyUQY56z/7p9kMccyI0ZkipjutE2kuQ1BQzkpa6sSIRwiM0IB1DBeJEeUmWPoXHRunD IJRmhIaZ+vciQVypMffNZpZ13puI/3mdWAcXXkJFFGsi8PRREDOoQzipAvapJFizsSEIS2qyQjxEEmFtCpv54vPUdOLON7BImqdV1 6m6t2fl2mXeThEcgiNQAS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TlcLVn6zD2Zgff0CoOyb2Q==</latexit>
accelerated
<latexit sha1_base64="g+cASlGtVEDhCSPybip 4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFD Erf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIld BMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH 71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd 9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xX dRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip 4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFD Erf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIld BMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH 71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd 9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xX dRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip 4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFD Erf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIld BMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH 71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd 9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xX dRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip 4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFD Erf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIld BMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH 71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd 9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xX dRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit>
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Figure 2: Illustration of the influence of the step-size γ on the convergence of PnP-SGD under BM3D. The
distance to a fixed point is plotted against the iteration number for 3 distinct step-sizes for both accelerated
(dashed) and basic (solid) variants of PnP-SGD for B = 30. The dotted line at the bottom shows the minimal
distance to a fixed point attained by the algorithm. This plot illustrates that the empirical performance of
PnP-SGD under BM3D is consistent with Proposition 5, where the accuracy improves with smaller γ.
where
A , 2
(
1 + θ
1− θ
)(
‖x0 − x∗‖2 + ν
L
)2
.
Corollary 1(c) implies the worst-case convergence rate
E
[
min
k∈{1,...,t}
{‖xk−1 − P(xk−1)‖22}] = O(1/t), (16)
which means that under Assumption 2 and with a particular selection of parameters B and γ, the iterates of
PnP-SGD (in expectation) can get arbitrarily close to fix(P) as O(1/t).
5 Numerical Simulations
We now empirically validate PnP-SGD in the context of diffraction tomography (DT) using three popular
denoisers: TV [1], BM3D [14], and TNRD [16]. Our goal is not to justify the PnP framework, as its benefits
have been well illustrated in prior work [13,17,25], but to focus on the aspects that relate to online process-
ing of data. Therefore, we first discuss empirical convergence of PnP-SGD, and then highlight the benefit of
using it for processing a large number of measurements.
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<latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="i21blzHBwl/OPIo/vlvVfBB8eO0=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJZNrQPIbkjlKG/gG3rt2J/8ml/8T0sbDWA4HDOQn35ktyKRyG4VdQ2dnd2z+oHtaO6rXjk9NGvetMYRnvMCON7SfUcSk076BAyfu55VQlkveS6f2i7z1z64TRTzjLeazoWItMMIo+ao8azbAVLkW2TbQ2TVhr1PgepoYVimtkkjo3iMIc45JaFEzyeW1YOJ5TNqVjPvBWU8VdXC7XnJNLn6QkM9YfjWSZ/n5RUuXcTCX+pqI4cX+7RfhfNygwu41LofMCuWarQVkhCRqy+DNJheUM5cwbyqzwuxI2oZYy9GQ2piRq7pFEfwFsm+51Kwpb0WMIVTiHC7iCCG7gDh6gDR1gkMIrvAUvwXvwsUJXCdYMz2BDwecPfSOQvw==</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="IFCS+Urw4EPfssCr6b7jDMpHf90=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0Woi5akG10W3bisYB/QtGEynbRDZ5IwMxFLmq/wI/wGt7p2J4Ir8U+ctgFt64ELh3Pu5d57vIhRqSzr08itrW9sbuW3Czu7e/sH5uFRU4axwKSBQxaKtockYTQgDUUVI+1IEMQ9Rlre6Hrqt+6JkDQM7tQ4Il2OBgH1KUZKS65ZdibQ8XjykPaSUQrL0OFIDaWf1NPSr34OnUmv6lZds2hVrBngKrEzUgQZ6q757fRDHHMSKMyQlB3bilQ3QUJRzEhacGJJIoRHaEA6mgaIE9lNZm+l8EwrfeiHQleg4Ez9O5EgLuWYe7pzdvSyNxX/8zqx8i+7CQ2iWJEAzxf5MYMqhNOMYJ8KghUba4KwoPpWiIdIIKx0kgtbPJ7qTOzlBFZJs1qxrYp9axVrV1k6eXACTkEJ2OAC1MANqIMGwOARPIMX8Go8GW/Gu/Exb80Z2cwxWIDx9QNlv6Wt</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit>
B = 10
<latexit sha1_base64="36BlG0oH6BZpuB1KawttG8gJWRI=">AAAB7XicdVDLSgMxFM3UV62v qks3wSK4GjK1tXYhlLpxWcE+oB1KJs20sZlkSDJCKf0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTiZldW19Y3sZm5re2d3L79/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxldzv31PlW ZS3JpJTP0IDwULGcHGSq06vIQe6ucLyD2vls+KJYhctIAlFYSqXhl6qVIAKRr9/HtvIEkSUWEIx1p3PRQbf4qVYYTTWa6XaBpjMsZD2rVU4Ihqf7q4dgZPrDKAoVS2hIEL9fvEFEdaT6LAdkbYjPRvb y7+5XUTE174UybixFBBlovChEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUM6G8PUp/J+0iq6HXO+mVKjV0ziy4Agcg1PggQqogWvQAE1AwB14AE/g2ZHOo/PivC5bM046cwh+wHn7BOqPjgk=</latexi t><latexit sha1_base64="36BlG0oH6BZpuB1KawttG8gJWRI=">AAAB7XicdVDLSgMxFM3UV62v qks3wSK4GjK1tXYhlLpxWcE+oB1KJs20sZlkSDJCKf0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTiZldW19Y3sZm5re2d3L79/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxldzv31PlW ZS3JpJTP0IDwULGcHGSq06vIQe6ucLyD2vls+KJYhctIAlFYSqXhl6qVIAKRr9/HtvIEkSUWEIx1p3PRQbf4qVYYTTWa6XaBpjMsZD2rVU4Ihqf7q4dgZPrDKAoVS2hIEL9fvEFEdaT6LAdkbYjPRvb y7+5XUTE174UybixFBBlovChEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUM6G8PUp/J+0iq6HXO+mVKjV0ziy4Agcg1PggQqogWvQAE1AwB14AE/g2ZHOo/PivC5bM046cwh+wHn7BOqPjgk=</latexi t><latexit sha1_base64="36BlG0oH6BZpuB1KawttG8gJWRI=">AAAB7XicdVDLSgMxFM3UV62v qks3wSK4GjK1tXYhlLpxWcE+oB1KJs20sZlkSDJCKf0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTiZldW19Y3sZm5re2d3L79/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxldzv31PlW ZS3JpJTP0IDwULGcHGSq06vIQe6ucLyD2vls+KJYhctIAlFYSqXhl6qVIAKRr9/HtvIEkSUWEIx1p3PRQbf4qVYYTTWa6XaBpjMsZD2rVU4Ihqf7q4dgZPrDKAoVS2hIEL9fvEFEdaT6LAdkbYjPRvb y7+5XUTE174UybixFBBlovChEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUM6G8PUp/J+0iq6HXO+mVKjV0ziy4Agcg1PggQqogWvQAE1AwB14AE/g2ZHOo/PivC5bM046cwh+wHn7BOqPjgk=</latexi t><latexit sha1_base64="36BlG0oH6BZpuB1KawttG8gJWRI=">AAAB7XicdVDLSgMxFM3UV62v qks3wSK4GjK1tXYhlLpxWcE+oB1KJs20sZlkSDJCKf0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTiZldW19Y3sZm5re2d3L79/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxldzv31PlW ZS3JpJTP0IDwULGcHGSq06vIQe6ucLyD2vls+KJYhctIAlFYSqXhl6qVIAKRr9/HtvIEkSUWEIx1p3PRQbf4qVYYTTWa6XaBpjMsZD2rVU4Ihqf7q4dgZPrDKAoVS2hIEL9fvEFEdaT6LAdkbYjPRvb y7+5XUTE174UybixFBBlovChEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUM6G8PUp/J+0iq6HXO+mVKjV0ziy4Agcg1PggQqogWvQAE1AwB14AE/g2ZHOo/PivC5bM046cwh+wHn7BOqPjgk=</latexi t>
B = 20
<latexit sha1_base64="7HG/ZufcYY5Go8lvDKvr6e1VCxM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKttnUhlLpxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxB zpg1CH05mZXVtfSO7mdva3tndy+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMb99TpZkUt2YSUz/CQ8FCRrCxUqsOL2ER9fMF5KLzYqlcgsgtVYsIeZZUyxcVq3gumqMAlmj08++9gSRJRIUhHGvd9VBs/BQrwwin01wv0TTGZIyHtGupwBHVfjq/dgpPrDKAoVS2hIFz9ftEiiOtJ1FgOyNsRvq3NxP/8rqJCat+ykScGCrIYlGYcGgknL0OB0xRYvjEEkwUs7dCMsIKE2MDytkQvj6F/5NW0fWQ 692cFWr1ZRxZcASOwSnwQAXUwDVogCYg4A48gCfw7Ejn0XlxXhetGWc5cwh+wHn7BAmbjh8=</latexit><latexit sha1_base64="7HG/ZufcYY5Go8lvDKvr6e1VCxM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKttnUhlLpxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxB zpg1CH05mZXVtfSO7mdva3tndy+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMb99TpZkUt2YSUz/CQ8FCRrCxUqsOL2ER9fMF5KLzYqlcgsgtVYsIeZZUyxcVq3gumqMAlmj08++9gSRJRIUhHGvd9VBs/BQrwwin01wv0TTGZIyHtGupwBHVfjq/dgpPrDKAoVS2hIFz9ftEiiOtJ1FgOyNsRvq3NxP/8rqJCat+ykScGCrIYlGYcGgknL0OB0xRYvjEEkwUs7dCMsIKE2MDytkQvj6F/5NW0fWQ 692cFWr1ZRxZcASOwSnwQAXUwDVogCYg4A48gCfw7Ejn0XlxXhetGWc5cwh+wHn7BAmbjh8=</latexit><latexit sha1_base64="7HG/ZufcYY5Go8lvDKvr6e1VCxM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKttnUhlLpxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxB zpg1CH05mZXVtfSO7mdva3tndy+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMb99TpZkUt2YSUz/CQ8FCRrCxUqsOL2ER9fMF5KLzYqlcgsgtVYsIeZZUyxcVq3gumqMAlmj08++9gSRJRIUhHGvd9VBs/BQrwwin01wv0TTGZIyHtGupwBHVfjq/dgpPrDKAoVS2hIFz9ftEiiOtJ1FgOyNsRvq3NxP/8rqJCat+ykScGCrIYlGYcGgknL0OB0xRYvjEEkwUs7dCMsIKE2MDytkQvj6F/5NW0fWQ 692cFWr1ZRxZcASOwSnwQAXUwDVogCYg4A48gCfw7Ejn0XlxXhetGWc5cwh+wHn7BAmbjh8=</latexit><latexit sha1_base64="7HG/ZufcYY5Go8lvDKvr6e1VCxM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKttnUhlLpxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxB zpg1CH05mZXVtfSO7mdva3tndy+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMb99TpZkUt2YSUz/CQ8FCRrCxUqsOL2ER9fMF5KLzYqlcgsgtVYsIeZZUyxcVq3gumqMAlmj08++9gSRJRIUhHGvd9VBs/BQrwwin01wv0TTGZIyHtGupwBHVfjq/dgpPrDKAoVS2hIFz9ftEiiOtJ1FgOyNsRvq3NxP/8rqJCat+ykScGCrIYlGYcGgknL0OB0xRYvjEEkwUs7dCMsIKE2MDytkQvj6F/5NW0fWQ 692cFWr1ZRxZcASOwSnwQAXUwDVogCYg4A48gCfw7Ejn0XlxXhetGWc5cwh+wHn7BAmbjh8=</latexit>
B = 30
<latexit sha1_base64="XitPi9tqSDRyzFh3rPykJmSV0GU=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexGE70IIV48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5CFG0oKGo6qa7K4g 508Z1P53Myura+kZ2M7e1vbO7l98/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpWYNXaEzt5cveEV3BuQWPa9cKlcscSulStlF31YBFqj38h/dviRJRIUhHGvd8dzY+ClWhhFOJ7luommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6vJEiiOtx1FgOyNshvq3NxX/8jqJCS/9lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGlFsO4X/SLBU9G9HteaFa W8SRhSM4hlPw4AKqcAN1aACBe3iEZ3hxpPPkvDpv89aMs5g5hB9w3r8A3LCOAA==</latexit><latexit sha1_base64="XitPi9tqSDRyzFh3rPykJmSV0GU=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexGE70IIV48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5CFG0oKGo6qa7K4g 508Z1P53Myura+kZ2M7e1vbO7l98/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpWYNXaEzt5cveEV3BuQWPa9cKlcscSulStlF31YBFqj38h/dviRJRIUhHGvd8dzY+ClWhhFOJ7luommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6vJEiiOtx1FgOyNshvq3NxX/8jqJCS/9lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGlFsO4X/SLBU9G9HteaFa W8SRhSM4hlPw4AKqcAN1aACBe3iEZ3hxpPPkvDpv89aMs5g5hB9w3r8A3LCOAA==</latexit><latexit sha1_base64="XitPi9tqSDRyzFh3rPykJmSV0GU=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexGE70IIV48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5CFG0oKGo6qa7K4g 508Z1P53Myura+kZ2M7e1vbO7l98/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpWYNXaEzt5cveEV3BuQWPa9cKlcscSulStlF31YBFqj38h/dviRJRIUhHGvd8dzY+ClWhhFOJ7luommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6vJEiiOtx1FgOyNshvq3NxX/8jqJCS/9lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGlFsO4X/SLBU9G9HteaFa W8SRhSM4hlPw4AKqcAN1aACBe3iEZ3hxpPPkvDpv89aMs5g5hB9w3r8A3LCOAA==</latexit><latexit sha1_base64="XitPi9tqSDRyzFh3rPykJmSV0GU=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexGE70IIV48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5CFG0oKGo6qa7K4g 508Z1P53Myura+kZ2M7e1vbO7l98/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpWYNXaEzt5cveEV3BuQWPa9cKlcscSulStlF31YBFqj38h/dviRJRIUhHGvd8dzY+ClWhhFOJ7luommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6vJEiiOtx1FgOyNshvq3NxX/8jqJCS/9lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGlFsO4X/SLBU9G9HteaFa W8SRhSM4hlPw4AKqcAN1aACBe3iEZ3hxpPPkvDpv89aMs5g5hB9w3r8A3LCOAA==</latexit>
min = 1.47⇥ 10 5
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Figure 3: Illustration of the influence of the minibatch size B on the convergence of PnP-SGD under BM3D.
The distance to a fixed point is plotted against the iteration number for 3 distinct minibatch sizes for both
accelerated (dashed) and basic (solid) variants of PnP-SGD for γ = 1/L. The dotted line at the bottom
shows the minimal distance to a fixed point attained by the algorithm. This plot illustrates that the empirical
performance of PnP-SGD using BM3D is consistent with Proposition 5, where the accuracy improves with
larger B.
5.1 Diffraction tomography
DT is a technique used to form an image of the distribution of dielectric permittivity within an object from
multiple of measurements of light it scatters [29,59]. This problem is common in a number of applications—
including ultrasound [60] and optical microscopy [61]—and is known to be highly data-intensive. A typical
reconstruction task uses hundreds or thousands of measurements for forming a single image. As is common
in DT, we adopt the first-Born approximation [59], which leads to the linear inverse problem formulation of
image reconstruction.
Note that PnP-SGD is applicable beyond DT and our choice of the latter is only due to the fact that image
reconstruction in DT requires the processing of a large number of distinct measurements. Additionally, our
focus is not on the experimental application of DT, but rather on the demonstration of our online algorithm
for image reconstruction. Hence, we restrict our study here to image reconstruction from purely simulated
DT data, which enables optimal parameter tuning and quantitative comparisons.
Consider an object with the permittivity distribution (r) within a bounded domain Ω ⊆ R2 with a back-
ground medium of permittivity b. The object is illuminated with a monochromatic and coherent incident
electric field uin(r) emitted by one of N transmitters. The incident field is assumed to be known both in-
side Ω and at the sensor domain Γ ⊆ R2. The measurements correspond to the field scattered by the object
recorded by M receivers located within Γ. Under the first-Born approximation, the measurement matrix
for a single illumination can be represented as H = Sdiag(uin), where uin ∈ CN is the input field uin inside
Ω, and S ∈ CM×N is the discretization of the Green’s function evaluated at Γ [62]. In practice, the image
reconstruction relies on the set of illuminations {uiin}i∈{1,...,I}, with each individual illumination resulting in
a measurement yi ∈ CM and a distinct measurement matrix Hi.
The objects we reconstruct correspond to the eight standard grayscale images shown Fig. 1. The physical
size of an image is set to 18 cm× 18 cm, discretized to a grid of 256×256. The wavelength of the illumination
was set to λ = 0.84 cm and the background medium was assumed to be air with b = 1. We additionally
set the number of transmitters to N = 60, distributed uniformly along a circle of radius 1.6 meters, and for
each illumination, the corresponding scattered field is measured by M = 360 receivers around the object.
The simulated measurements were additionally corrupted by an additive white Gaussian noise (AWGN)
corresponding to 40 dB of input signal-to-noise ratio (SNR). SNR is also used as a quantitative metric for
numerically evaluating the reconstruction quality in the experiments. We use the term average SNR to
indicate the SNR averaged over all the test images. In each experiment, all algorithmic hyperparameters
were optimized for the best SNR performance with respect to the ground truth test image.
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<latexit sha1_base64="qBr32+Ce68I9r5cPG2TA/emWEdA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GpLpQLsRSt24rGBroR1KJs20sZnMkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njAV XBuEPpzC2vrG5lZxu7Szu7d/UD486ugkU5S1aSIS1Q2JZoJL1jbcCNZNFSNxKNhtOLmc+7f3TGmeyBszTVkQk5HkEafEWKnThBfQQ4NyBbnIr3uoBpFbxfWq51lSQ76PMcQuWqACVmgNyu/9YUKzmElDBdG6h1Fqgpwow6lgs1I/0ywldEJGrGepJDHTQb64dgbPrDKEUaJsSQMX6veJnMRaT+PQdsbEjPVvby7+5fUyE9WDnMs0M0zS5aIoE9AkcP46HHLFqBFTSwhV3N4K6ZgoQo0NqGRD+PoU/k86nouRi6 /9SqO5iqMITsApOAcY1EADXIEWaAMK7sADeALPTuI8Oi/O67K14KxmjsEPOG+f9KGOEA==</latexit><latexit sha1_base64="qBr32+Ce68I9r5cPG2TA/emWEdA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GpLpQLsRSt24rGBroR1KJs20sZnMkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njAV XBuEPpzC2vrG5lZxu7Szu7d/UD486ugkU5S1aSIS1Q2JZoJL1jbcCNZNFSNxKNhtOLmc+7f3TGmeyBszTVkQk5HkEafEWKnThBfQQ4NyBbnIr3uoBpFbxfWq51lSQ76PMcQuWqACVmgNyu/9YUKzmElDBdG6h1Fqgpwow6lgs1I/0ywldEJGrGepJDHTQb64dgbPrDKEUaJsSQMX6veJnMRaT+PQdsbEjPVvby7+5fUyE9WDnMs0M0zS5aIoE9AkcP46HHLFqBFTSwhV3N4K6ZgoQo0NqGRD+PoU/k86nouRi6 /9SqO5iqMITsApOAcY1EADXIEWaAMK7sADeALPTuI8Oi/O67K14KxmjsEPOG+f9KGOEA==</latexit><latexit sha1_base64="qBr32+Ce68I9r5cPG2TA/emWEdA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GpLpQLsRSt24rGBroR1KJs20sZnMkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njAV XBuEPpzC2vrG5lZxu7Szu7d/UD486ugkU5S1aSIS1Q2JZoJL1jbcCNZNFSNxKNhtOLmc+7f3TGmeyBszTVkQk5HkEafEWKnThBfQQ4NyBbnIr3uoBpFbxfWq51lSQ76PMcQuWqACVmgNyu/9YUKzmElDBdG6h1Fqgpwow6lgs1I/0ywldEJGrGepJDHTQb64dgbPrDKEUaJsSQMX6veJnMRaT+PQdsbEjPVvby7+5fUyE9WDnMs0M0zS5aIoE9AkcP46HHLFqBFTSwhV3N4K6ZgoQo0NqGRD+PoU/k86nouRi6 /9SqO5iqMITsApOAcY1EADXIEWaAMK7sADeALPTuI8Oi/O67K14KxmjsEPOG+f9KGOEA==</latexit><latexit sha1_base64="qBr32+Ce68I9r5cPG2TA/emWEdA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GpLpQLsRSt24rGBroR1KJs20sZnMkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njAV XBuEPpzC2vrG5lZxu7Szu7d/UD486ugkU5S1aSIS1Q2JZoJL1jbcCNZNFSNxKNhtOLmc+7f3TGmeyBszTVkQk5HkEafEWKnThBfQQ4NyBbnIr3uoBpFbxfWq51lSQ76PMcQuWqACVmgNyu/9YUKzmElDBdG6h1Fqgpwow6lgs1I/0ywldEJGrGepJDHTQb64dgbPrDKEUaJsSQMX6veJnMRaT+PQdsbEjPVvby7+5fUyE9WDnMs0M0zS5aIoE9AkcP46HHLFqBFTSwhV3N4K6ZgoQo0NqGRD+PoU/k86nouRi6 /9SqO5iqMITsApOAcY1EADXIEWaAMK7sADeALPTuI8Oi/O67K14KxmjsEPOG+f9KGOEA==</latexit>
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<latexit sha1_base64="TykG6ilLht3uVwe3jkLK8umsva0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YPaxdCqRuXFewD2qFk0kwbm0mGJCOU0n9w40IRt/6PO//GtB1BRQ9cOJxzL/feE8Sc aYPQh7Oyura+sZnZym7v7O7t5w4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Grut++p0kyKWzOJqR/hoWAhI9hYqVWHl7CI+rk8cs+r5WKhBJGLFrCkglDVK0MvVfIgRaOfe+8NJEkiKgzhWOuuh2LjT7EyjHA6y/YSTWNMxnhIu5YKHFHtTxfXzuCpVQYwlMqWMHChfp+Y4kjrSRTYzgibkf7tzcW/vG5iwgt/ykScGCrIclGYcGgknL8OB0xRYvjEEkwUs7dCMsIKE2MDytoQvj6F/5NWwfWQ692U8r V6GkcGHIMTcAY8UAE1cA0aoAkIuAMP4Ak8O9J5dF6c12XripPOHIEfcN4+Ae2Zjgs=</latexit><latexit sha1_base64="TykG6ilLht3uVwe3jkLK8umsva0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YPaxdCqRuXFewD2qFk0kwbm0mGJCOU0n9w40IRt/6PO//GtB1BRQ9cOJxzL/feE8Sc aYPQh7Oyura+sZnZym7v7O7t5w4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Grut++p0kyKWzOJqR/hoWAhI9hYqVWHl7CI+rk8cs+r5WKhBJGLFrCkglDVK0MvVfIgRaOfe+8NJEkiKgzhWOuuh2LjT7EyjHA6y/YSTWNMxnhIu5YKHFHtTxfXzuCpVQYwlMqWMHChfp+Y4kjrSRTYzgibkf7tzcW/vG5iwgt/ykScGCrIclGYcGgknL8OB0xRYvjEEkwUs7dCMsIKE2MDytoQvj6F/5NWwfWQ692U8r V6GkcGHIMTcAY8UAE1cA0aoAkIuAMP4Ak8O9J5dF6c12XripPOHIEfcN4+Ae2Zjgs=</latexit><latexit sha1_base64="TykG6ilLht3uVwe3jkLK8umsva0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YPaxdCqRuXFewD2qFk0kwbm0mGJCOU0n9w40IRt/6PO//GtB1BRQ9cOJxzL/feE8Sc aYPQh7Oyura+sZnZym7v7O7t5w4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Grut++p0kyKWzOJqR/hoWAhI9hYqVWHl7CI+rk8cs+r5WKhBJGLFrCkglDVK0MvVfIgRaOfe+8NJEkiKgzhWOuuh2LjT7EyjHA6y/YSTWNMxnhIu5YKHFHtTxfXzuCpVQYwlMqWMHChfp+Y4kjrSRTYzgibkf7tzcW/vG5iwgt/ykScGCrIclGYcGgknL8OB0xRYvjEEkwUs7dCMsIKE2MDytoQvj6F/5NWwfWQ692U8r V6GkcGHIMTcAY8UAE1cA0aoAkIuAMP4Ak8O9J5dF6c12XripPOHIEfcN4+Ae2Zjgs=</latexit><latexit sha1_base64="TykG6ilLht3uVwe3jkLK8umsva0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YPaxdCqRuXFewD2qFk0kwbm0mGJCOU0n9w40IRt/6PO//GtB1BRQ9cOJxzL/feE8Sc aYPQh7Oyura+sZnZym7v7O7t5w4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Grut++p0kyKWzOJqR/hoWAhI9hYqVWHl7CI+rk8cs+r5WKhBJGLFrCkglDVK0MvVfIgRaOfe+8NJEkiKgzhWOuuh2LjT7EyjHA6y/YSTWNMxnhIu5YKHFHtTxfXzuCpVQYwlMqWMHChfp+Y4kjrSRTYzgibkf7tzcW/vG5iwgt/ykScGCrIclGYcGgknL8OB0xRYvjEEkwUs7dCMsIKE2MDytoQvj6F/5NWwfWQ692U8r V6GkcGHIMTcAY8UAE1cA0aoAkIuAMP4Ak8O9J5dF6c12XripPOHIEfcN4+Ae2Zjgs=</latexit>
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<latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="i21blzHBwl/OPIo/vlvVfBB8eO0=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJZNrQPIbkjlKG/gG3rt2J/8ml/8T0sbDWA4HDOQn35ktyKRyG4VdQ2dnd2z+oHtaO6rXjk9NGvetMYRnvMCON7SfUcSk076BAyfu55VQlkveS6f2i7z1z64TRTzjLeazoWItMMIo+ao8azbAVLkW2TbQ2TVhr1PgepoYVimtkkjo3iMIc45JaFEzyeW1YOJ5TNqVjPvBWU8VdXC7XnJNLn6QkM9YfjWSZ/n5RUuXcTCX+pqI4cX+7RfhfNygwu41LofMCuWarQVkhCRqy+DNJheUM5cwbyqzwuxI2oZYy9GQ2piRq7pFEfwFsm+51Kwpb0WMIVTiHC7iCCG7gDh6gDR1gkMIrvAUvwXvwsUJXCdYMz2BDwecPfSOQvw==</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="IFCS+Urw4EPfssCr6b7jDMpHf90=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0Woi5akG10W3bisYB/QtGEynbRDZ5IwMxFLmq/wI/wGt7p2J4Ir8U+ctgFt64ELh3Pu5d57vIhRqSzr08itrW9sbuW3Czu7e/sH5uFRU4axwKSBQxaKtockYTQgDUUVI+1IEMQ9Rlre6Hrqt+6JkDQM7tQ4Il2OBgH1KUZKS65ZdibQ8XjykPaSUQrL0OFIDaWf1NPSr34OnUmv6lZds2hVrBngKrEzUgQZ6q757fRDHHMSKMyQlB3bilQ3QUJRzEhacGJJIoRHaEA6mgaIE9lNZm+l8EwrfeiHQleg4Ez9O5EgLuWYe7pzdvSyNxX/8zqx8i+7CQ2iWJEAzxf5MYMqhNOMYJ8KghUba4KwoPpWiIdIIKx0kgtbPJ7qTOzlBFZJs1qxrYp9axVrV1k6eXACTkEJ2OAC1MANqIMGwOARPIMX8Go8GW/Gu/Exb80Z2cwxWIDx9QNlv6Wt</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit>
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Figure 4: Illustration of the influence of the step and minibatch sizes on the convergence of the PnP-SGD un-
der TV. The dotted line at the bottom shows the minimal distance to a fixed point attained by the algorithm.
A proximal operator is 1/2-averaged, which means that it perfectly satisfies the assumptions of Proposition 5.
Table 1: Minimal distance averaged over the test image set
Denoiser Step size (γ) Mini-batch size (B)
1/L 1/4L 1/16L 10 20 30
TV 1.96e-5 1.47e-6 7.83e-8 3.18e-4 6.71e-5 1.96e-5
BM3D 1.47e-5 6.26e-6 3.22e-6 1.78e-4 4.07e-5 1.47e-5
TNRD 4.20e-2 9.18e-3 1.44e-3 3.12e-1 1.14e-1 4.20e-2
5.2 Convergence of PnP-SGD
One of the key conclusions of Proposition 5 is that the final accuracy of PnP-SGD to a fixed point is propor-
tional to the step size and inversely proportional to the minibatch size. In order to numerically evaluate the
convergence, we define the distance to fix(P) at the kth iteration as
dist(xk) , ‖xk − P(xk)‖22 , (17)
where P is given by (10). As the sequence {xk} approaches fix(P), dist(xk) approaches zero.
Fig. 2 and Fig. 3 empirically evaluate the evolution of the distance to a fixed point for different step and
minibatch sizes, respectively. PnP-SGD under BM3D is run until convergence with γ ∈ {1/L, 1/(4L), 1/(16L)}
and B ∈ {10, 20, 30}. Here, the quantity L > 0 denotes the Lipschitz constant, which, for linear inverse
problems, corresponds to the squared largest singular value of the measurement matrix [34]. We show the
performance of both basic and accelerated variants of PnP-SGD, where the latter is obtained by setting {qk}
as in (5). The plots clearly illustrate the improvement in final accuracy for smaller γ and larger B, which
is consistent with Proposition 5. Additionally, they indicate that the convergence is significantly improved
when using the accelerated variant of the algorithm. Note that our theoretical analysis does not predict
monotonic reduction of the distance, which also seems to be consistent with the empirical performance of
PnP-SGD. In Fig. 4, we provide a reference plot showing the performance of PnP-SGD under TV, which is
a valid proximal operator and hence is known to be a 1/2-averaged operator. We can again observe that
the convergence behavior of PnP-SGD is consistent with Proposition 5. Finally, the summary in Table 1,
highlights the same convergence trends for all three algorithms, where both γ and B control the accuracy of
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time (sec)
<latexit sha1_base64="K7MBMQkkAtMv/QQLBmOs25YrnYQ=">AAACAXicbVC7SgNBFJ31GeMramkzGITYhN00WgZtLCOYByZLmJ3cJENmZpeZu0JYUvkLttrbia1fYuuXOHkUm njgwuGcezmXEyVSWPT9L29tfWNzazu3k9/d2z84LBwdN2ycGg51HsvYtCJmQQoNdRQooZUYYCqS0IxGN1O/+QjGiljf4ziBULGBFn3BGTrpAYUCWrLAL7qFol/2Z6CrJFiQIlmg1i18d3oxTxVo5JJZ2w78BMOMGRRcwiTfSS0kjI/YANqOaqbAhtns4wk9d0qP9mPjRiOdqb8vMqasHavIbSqGQ7vsTcV/vUgtJWP/KsyETlIEzefB/VRSjOm0DtoTBjjKsSOMG+F+p3 zIDOPoSsu7UoLlClZJo1IO/HJwVylWrxf15MgpOSMlEpBLUiW3pEbqhBNNnskLefWevDfv3fuYr655i5sT8gfe5w8JvZbd</latexit><latexit sha1_base64="K7MBMQkkAtMv/QQLBmOs25YrnYQ=">AAACAXicbVC7SgNBFJ31GeMramkzGITYhN00WgZtLCOYByZLmJ3cJENmZpeZu0JYUvkLttrbia1fYuuXOHkUm njgwuGcezmXEyVSWPT9L29tfWNzazu3k9/d2z84LBwdN2ycGg51HsvYtCJmQQoNdRQooZUYYCqS0IxGN1O/+QjGiljf4ziBULGBFn3BGTrpAYUCWrLAL7qFol/2Z6CrJFiQIlmg1i18d3oxTxVo5JJZ2w78BMOMGRRcwiTfSS0kjI/YANqOaqbAhtns4wk9d0qP9mPjRiOdqb8vMqasHavIbSqGQ7vsTcV/vUgtJWP/KsyETlIEzefB/VRSjOm0DtoTBjjKsSOMG+F+p3 zIDOPoSsu7UoLlClZJo1IO/HJwVylWrxf15MgpOSMlEpBLUiW3pEbqhBNNnskLefWevDfv3fuYr655i5sT8gfe5w8JvZbd</latexit><latexit sha1_base64="K7MBMQkkAtMv/QQLBmOs25YrnYQ=">AAACAXicbVC7SgNBFJ31GeMramkzGITYhN00WgZtLCOYByZLmJ3cJENmZpeZu0JYUvkLttrbia1fYuuXOHkUm njgwuGcezmXEyVSWPT9L29tfWNzazu3k9/d2z84LBwdN2ycGg51HsvYtCJmQQoNdRQooZUYYCqS0IxGN1O/+QjGiljf4ziBULGBFn3BGTrpAYUCWrLAL7qFol/2Z6CrJFiQIlmg1i18d3oxTxVo5JJZ2w78BMOMGRRcwiTfSS0kjI/YANqOaqbAhtns4wk9d0qP9mPjRiOdqb8vMqasHavIbSqGQ7vsTcV/vUgtJWP/KsyETlIEzefB/VRSjOm0DtoTBjjKsSOMG+F+p3 zIDOPoSsu7UoLlClZJo1IO/HJwVylWrxf15MgpOSMlEpBLUiW3pEbqhBNNnskLefWevDfv3fuYr655i5sT8gfe5w8JvZbd</latexit><latexit sha1_base64="K7MBMQkkAtMv/QQLBmOs25YrnYQ=">AAACAXicbVC7SgNBFJ31GeMramkzGITYhN00WgZtLCOYByZLmJ3cJENmZpeZu0JYUvkLttrbia1fYuuXOHkUm njgwuGcezmXEyVSWPT9L29tfWNzazu3k9/d2z84LBwdN2ycGg51HsvYtCJmQQoNdRQooZUYYCqS0IxGN1O/+QjGiljf4ziBULGBFn3BGTrpAYUCWrLAL7qFol/2Z6CrJFiQIlmg1i18d3oxTxVo5JJZ2w78BMOMGRRcwiTfSS0kjI/YANqOaqbAhtns4wk9d0qP9mPjRiOdqb8vMqasHavIbSqGQ7vsTcV/vUgtJWP/KsyETlIEzefB/VRSjOm0DtoTBjjKsSOMG+F+p3 zIDOPoSsu7UoLlClZJo1IO/HJwVylWrxf15MgpOSMlEpBLUiW3pEbqhBNNnskLefWevDfv3fuYr655i5sT8gfe5w8JvZbd</latexit>
PnP-SGD
<latexit sha1_base64="mAz+HKRT/uGuloTEzUY3nxKOrgY=">AAACBnicdVDLSgMxFM3UV62vqksRgq3gxmFmbG27KyrosqJ9QFtKJs20oZnMkGSEMnTlxl9x40IRt36DO//G9KGo6CGBk3PuJfceN2RUKst6Nx Jz8wuLS8nl1Mrq2vpGenOrJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDr26zdESBrwazUMSdtHPU49ipHSUie9m235SPWlF1d4ZZQ9/HpenZ+Nsp10xjKtfNEu5KFl5o4cfTQplezcsQNt05ogA2aodNJvrW6AI59whRmSsmlboWrHSCiKGRmlWpEkIcID1CNNTTnyiWzHkzVGcF8rXegFQl+u4ET93hEjX8qh7+rKyZC/vbH4l9eMlFdsx5SHkSIcTz/yIgZVAMeZwC4VBCs21ARhQfWsEPeRQFjp5FI6hM9N4f+k5pi2ZdqXTqZ8 MosjCXbAHjgANiiAMrgAFVAFGNyCe/AInow748F4Nl6mpQlj1rMNfsB4/QBhLpht</latexit><latexit sha1_base64="mAz+HKRT/uGuloTEzUY3nxKOrgY=">AAACBnicdVDLSgMxFM3UV62vqksRgq3gxmFmbG27KyrosqJ9QFtKJs20oZnMkGSEMnTlxl9x40IRt36DO//G9KGo6CGBk3PuJfceN2RUKst6Nx Jz8wuLS8nl1Mrq2vpGenOrJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDr26zdESBrwazUMSdtHPU49ipHSUie9m235SPWlF1d4ZZQ9/HpenZ+Nsp10xjKtfNEu5KFl5o4cfTQplezcsQNt05ogA2aodNJvrW6AI59whRmSsmlboWrHSCiKGRmlWpEkIcID1CNNTTnyiWzHkzVGcF8rXegFQl+u4ET93hEjX8qh7+rKyZC/vbH4l9eMlFdsx5SHkSIcTz/yIgZVAMeZwC4VBCs21ARhQfWsEPeRQFjp5FI6hM9N4f+k5pi2ZdqXTqZ8 MosjCXbAHjgANiiAMrgAFVAFGNyCe/AInow748F4Nl6mpQlj1rMNfsB4/QBhLpht</latexit><latexit sha1_base64="mAz+HKRT/uGuloTEzUY3nxKOrgY=">AAACBnicdVDLSgMxFM3UV62vqksRgq3gxmFmbG27KyrosqJ9QFtKJs20oZnMkGSEMnTlxl9x40IRt36DO//G9KGo6CGBk3PuJfceN2RUKst6Nx Jz8wuLS8nl1Mrq2vpGenOrJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDr26zdESBrwazUMSdtHPU49ipHSUie9m235SPWlF1d4ZZQ9/HpenZ+Nsp10xjKtfNEu5KFl5o4cfTQplezcsQNt05ogA2aodNJvrW6AI59whRmSsmlboWrHSCiKGRmlWpEkIcID1CNNTTnyiWzHkzVGcF8rXegFQl+u4ET93hEjX8qh7+rKyZC/vbH4l9eMlFdsx5SHkSIcTz/yIgZVAMeZwC4VBCs21ARhQfWsEPeRQFjp5FI6hM9N4f+k5pi2ZdqXTqZ8 MosjCXbAHjgANiiAMrgAFVAFGNyCe/AInow748F4Nl6mpQlj1rMNfsB4/QBhLpht</latexit><latexit sha1_base64="mAz+HKRT/uGuloTEzUY3nxKOrgY=">AAACBnicdVDLSgMxFM3UV62vqksRgq3gxmFmbG27KyrosqJ9QFtKJs20oZnMkGSEMnTlxl9x40IRt36DO//G9KGo6CGBk3PuJfceN2RUKst6Nx Jz8wuLS8nl1Mrq2vpGenOrJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDr26zdESBrwazUMSdtHPU49ipHSUie9m235SPWlF1d4ZZQ9/HpenZ+Nsp10xjKtfNEu5KFl5o4cfTQplezcsQNt05ogA2aodNJvrW6AI59whRmSsmlboWrHSCiKGRmlWpEkIcID1CNNTTnyiWzHkzVGcF8rXegFQl+u4ET93hEjX8qh7+rKyZC/vbH4l9eMlFdsx5SHkSIcTz/yIgZVAMeZwC4VBCs21ARhQfWsEPeRQFjp5FI6hM9N4f+k5pi2ZdqXTqZ8 MosjCXbAHjgANiiAMrgAFVAFGNyCe/AInow748F4Nl6mpQlj1rMNfsB4/QBhLpht</latexit>
Figure 5: Comparison between the batch and online PnP algorithms for a fixed reconstruction time. SNR
(dB) is plotted against the time in seconds for three algorithms: PnP-SGD, PnP-FISTA, and PnP-ADMM. Both
PnP-FISTA and PnP-ADMM use the full set of 60 illuminations at every iteration, while PnP-SGD uses a
random subset of 10 illuminations. This lower per-iteration cost, leads to a substantially faster convergence
of PnP-SGD.
PnP-SGD.
5.3 Benefits of online processing
We now highlight the higher efficiency of PnP-SGD against PnP-ISTA and PnP-ADMM for larger number of
measurements. Specifically, we consider two scenarios where: (a) the total time budget is fixed; (b) the
number of measurements is fixed. While we use BM3D as our plug-in operator of choice, we note that our
observations here directly generalize to any other denoiser.
Fig. 5 compares the average reconstruction SNR of PnP-SGD, PnP-FISTA, and PnP-ADMM for a fixed run-
time. The batch algorithms use the full 60 illuminations at every iteration, while PnP-SGD uses only B = 10
illuminations per iteration. This gives PnP-SGD a significantly lower per iteration cost compared to the batch
algorithms. Specifically, the average per iteration time for PnP-SGD, PnP-FISTA, and PnP-ADMM was 8.86
seconds, 44.94 seconds, and 382.83 seconds, respectively. The higher cost of PnP-ADMM is the result of
the forward model inversion in (7). This figure illustrates that, in practice, even with B = 10, the solution
of PnP-SGD is sufficiently close to that of the batch algorithm. Additionally, PnP-SGD achieves a significant
speedup due to the reduction in per-iteration complexity. This indicates to the potential of the algorithm for
efficient image reconstruction from a large number of measurements.
Fig. 6 compares the average reconstruction SNR of PnP-SGD, PnP-FISTA, and PnP-ADMM for a fixed per-
iteration measurement budget. Both batch algorithm are allowed to use only 10 (top figure) or 30 (bottom
figure) uniformly distributed illuminations. Similarly, PnP-SGD uses the same number of illuminations per
iteration, but randomly cycles through all the measurements. This means that in each figure both PnP-SGD
and PnP-FISTA have the same per-iteration computational complexity. The computational complexity of PnP-
ADMM is higher due to the need to invert the measurement matrix. Table 2 shows the final SNR obtained
by all three algorithms on each individual image in the dataset. Additionally, two visual illustrations on
Monarch and Parrot are shown in Fig. 7. As expected, PnP-SGD achieves dramatically higher SNR compared
to batch algorithms, since it makes use of the full set of measurements. Additionally, we note the comparable
final SNR performance of PnP-SGD with B = 10 and B = 30, with the latter leading to a faster convergence
speed. These results again highlight the potential of PnP-SGD for large-scale PnP image reconstruction.
To conclude this section, let us put the results here in the context of our theoretical analysis. Proposition 5
reveals that PnP-SGD converges to the same set of fixed points fix(P) as PnP-ISTA and PnP-ADMM, up to a
term that depends on the minibatch size B ≥ 1. Larger B leads to a higher accuracy of PnP-SGD with respect
to fix(P), which was empirically confirmed in Fig. 3. The SNR results here additionally reveal that even with
a relatively small B, PnP-SGD is accurate in terms of image quality. For example, in Table 2, we can observe
that the average SNR difference between PnP-SGD with B = 10 and B = 30 is within 0.2 dB of each other.
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PnP-FISTA(10)
<latexit sha1 _base64="8TwKP+GR7Hu1BYKR M2n9/BV0SSM=">AAACF3icbVDL SsNAFJ3UV62vqEs3wUaoC0PSj S6rguguYl/QhjKZTtqhk0mYmQ gl5C/c+CtuXCjiVnf+jdM2FK0e GDhzzr3ce48fUyKkbX9phaXll dW14nppY3Nre0ff3WuKKOEIN1 BEI972ocCUMNyQRFLcjjmGoU9x yx9dTvzWPeaCRKwuxzH2QjhgJ CAISiX1dMvshlAORZC6zM3Mk/ n36uaufp6Zlbng2Jl53NPLtmV PYfwlTk7KIIfb0z+7/QglIWYSU ShEx7Fj6aWQS4IozkrdROAYoh Ec4I6iDIZYeOn0rsw4UkrfCCK uHpPGVP3ZkcJQiHHoq8rpkoveR PzP6yQyOPNSwuJEYoZmg4KEGj IyJiEZfcIxknSsCEScqF0NNIQ cIqmiLKkQnMWT/5Jm1XJsy7mtl msXeRxFcAAOQQU44BTUwDVwQQ Mg8ACewAt41R61Z+1Ne5+VFrS 8Zx/8gvbxDX+AnjY=</latexi t><latexit sha1 _base64="8TwKP+GR7Hu1BYKR M2n9/BV0SSM=">AAACF3icbVDL SsNAFJ3UV62vqEs3wUaoC0PSj S6rguguYl/QhjKZTtqhk0mYmQ gl5C/c+CtuXCjiVnf+jdM2FK0e GDhzzr3ce48fUyKkbX9phaXll dW14nppY3Nre0ff3WuKKOEIN1 BEI972ocCUMNyQRFLcjjmGoU9x yx9dTvzWPeaCRKwuxzH2QjhgJ CAISiX1dMvshlAORZC6zM3Mk/ n36uaufp6Zlbng2Jl53NPLtmV PYfwlTk7KIIfb0z+7/QglIWYSU ShEx7Fj6aWQS4IozkrdROAYoh Ec4I6iDIZYeOn0rsw4UkrfCCK uHpPGVP3ZkcJQiHHoq8rpkoveR PzP6yQyOPNSwuJEYoZmg4KEGj IyJiEZfcIxknSsCEScqF0NNIQ cIqmiLKkQnMWT/5Jm1XJsy7mtl msXeRxFcAAOQQU44BTUwDVwQQ Mg8ACewAt41R61Z+1Ne5+VFrS 8Zx/8gvbxDX+AnjY=</latexi t><latexit sha1 _base64="8TwKP+GR7Hu1BYKR M2n9/BV0SSM=">AAACF3icbVDL SsNAFJ3UV62vqEs3wUaoC0PSj S6rguguYl/QhjKZTtqhk0mYmQ gl5C/c+CtuXCjiVnf+jdM2FK0e GDhzzr3ce48fUyKkbX9phaXll dW14nppY3Nre0ff3WuKKOEIN1 BEI972ocCUMNyQRFLcjjmGoU9x yx9dTvzWPeaCRKwuxzH2QjhgJ CAISiX1dMvshlAORZC6zM3Mk/ n36uaufp6Zlbng2Jl53NPLtmV PYfwlTk7KIIfb0z+7/QglIWYSU ShEx7Fj6aWQS4IozkrdROAYoh Ec4I6iDIZYeOn0rsw4UkrfCCK uHpPGVP3ZkcJQiHHoq8rpkoveR PzP6yQyOPNSwuJEYoZmg4KEGj IyJiEZfcIxknSsCEScqF0NNIQ cIqmiLKkQnMWT/5Jm1XJsy7mtl msXeRxFcAAOQQU44BTUwDVwQQ Mg8ACewAt41R61Z+1Ne5+VFrS 8Zx/8gvbxDX+AnjY=</latexi t><latexit sha1 _base64="8TwKP+GR7Hu1BYKR M2n9/BV0SSM=">AAACF3icbVDL SsNAFJ3UV62vqEs3wUaoC0PSj S6rguguYl/QhjKZTtqhk0mYmQ gl5C/c+CtuXCjiVnf+jdM2FK0e GDhzzr3ce48fUyKkbX9phaXll dW14nppY3Nre0ff3WuKKOEIN1 BEI972ocCUMNyQRFLcjjmGoU9x yx9dTvzWPeaCRKwuxzH2QjhgJ CAISiX1dMvshlAORZC6zM3Mk/ n36uaufp6Zlbng2Jl53NPLtmV PYfwlTk7KIIfb0z+7/QglIWYSU ShEx7Fj6aWQS4IozkrdROAYoh Ec4I6iDIZYeOn0rsw4UkrfCCK uHpPGVP3ZkcJQiHHoq8rpkoveR PzP6yQyOPNSwuJEYoZmg4KEGj IyJiEZfcIxknSsCEScqF0NNIQ cIqmiLKkQnMWT/5Jm1XJsy7mtl msXeRxFcAAOQQU44BTUwDVwQQ Mg8ACewAt41R61Z+1Ne5+VFrS 8Zx/8gvbxDX+AnjY=</latexi t>
PnP-FISTA(30)
<latexit sha1 _base64="aP2V17aHbkIjvKip Dx3EstU6lrI=">AAACF3icbVDL SgMxFM3UV62vqks3wY5QFw4zd aHLqiC6q9gXtKVk0kwbmskMSU Yow/yFG3/FjQtF3OrOvzGdlqKt BwIn59zLvfe4IaNS2fa3kVlaX lldy67nNja3tnfyu3t1GUQCkx oOWCCaLpKEUU5qiipGmqEgyHcZ abjDq7HfeCBC0oBX1SgkHR/1O fUoRkpL3bxltn2kBtKLK7ySmC ez7/XtffUiMYsz4dROzONuvmB bdgq4SJwpKYApKt38V7sX4MgnX GGGpGw5dqg6MRKKYkaSXDuSJE R4iPqkpSlHPpGdOL0rgUda6UE vEPpxBVP1d0eMfClHvqsr0yXnv bH4n9eKlHfeiSkPI0U4ngzyIg ZVAMchwR4VBCs20gRhQfWuEA+ QQFjpKHM6BGf+5EVSL1mObTl3p UL5chpHFhyAQ1AEDjgDZXADKq AGMHgEz+AVvBlPxovxbnxMSjP GtGcf/IHx+QOCkJ44</latexi t><latexit sha1 _base64="aP2V17aHbkIjvKip Dx3EstU6lrI=">AAACF3icbVDL SgMxFM3UV62vqks3wY5QFw4zd aHLqiC6q9gXtKVk0kwbmskMSU Yow/yFG3/FjQtF3OrOvzGdlqKt BwIn59zLvfe4IaNS2fa3kVlaX lldy67nNja3tnfyu3t1GUQCkx oOWCCaLpKEUU5qiipGmqEgyHcZ abjDq7HfeCBC0oBX1SgkHR/1O fUoRkpL3bxltn2kBtKLK7ySmC ez7/XtffUiMYsz4dROzONuvmB bdgq4SJwpKYApKt38V7sX4MgnX GGGpGw5dqg6MRKKYkaSXDuSJE R4iPqkpSlHPpGdOL0rgUda6UE vEPpxBVP1d0eMfClHvqsr0yXnv bH4n9eKlHfeiSkPI0U4ngzyIg ZVAMchwR4VBCs20gRhQfWuEA+ QQFjpKHM6BGf+5EVSL1mObTl3p UL5chpHFhyAQ1AEDjgDZXADKq AGMHgEz+AVvBlPxovxbnxMSjP GtGcf/IHx+QOCkJ44</latexi t><latexit sha1 _base64="aP2V17aHbkIjvKip Dx3EstU6lrI=">AAACF3icbVDL SgMxFM3UV62vqks3wY5QFw4zd aHLqiC6q9gXtKVk0kwbmskMSU Yow/yFG3/FjQtF3OrOvzGdlqKt BwIn59zLvfe4IaNS2fa3kVlaX lldy67nNja3tnfyu3t1GUQCkx oOWCCaLpKEUU5qiipGmqEgyHcZ abjDq7HfeCBC0oBX1SgkHR/1O fUoRkpL3bxltn2kBtKLK7ySmC ez7/XtffUiMYsz4dROzONuvmB bdgq4SJwpKYApKt38V7sX4MgnX GGGpGw5dqg6MRKKYkaSXDuSJE R4iPqkpSlHPpGdOL0rgUda6UE vEPpxBVP1d0eMfClHvqsr0yXnv bH4n9eKlHfeiSkPI0U4ngzyIg ZVAMchwR4VBCs20gRhQfWuEA+ QQFjpKHM6BGf+5EVSL1mObTl3p UL5chpHFhyAQ1AEDjgDZXADKq AGMHgEz+AVvBlPxovxbnxMSjP GtGcf/IHx+QOCkJ44</latexi t><latexit sha1 _base64="aP2V17aHbkIjvKip Dx3EstU6lrI=">AAACF3icbVDL SgMxFM3UV62vqks3wY5QFw4zd aHLqiC6q9gXtKVk0kwbmskMSU Yow/yFG3/FjQtF3OrOvzGdlqKt BwIn59zLvfe4IaNS2fa3kVlaX lldy67nNja3tnfyu3t1GUQCkx oOWCCaLpKEUU5qiipGmqEgyHcZ abjDq7HfeCBC0oBX1SgkHR/1O fUoRkpL3bxltn2kBtKLK7ySmC ez7/XtffUiMYsz4dROzONuvmB bdgq4SJwpKYApKt38V7sX4MgnX GGGpGw5dqg6MRKKYkaSXDuSJE R4iPqkpSlHPpGdOL0rgUda6UE vEPpxBVP1d0eMfClHvqsr0yXnv bH4n9eKlHfeiSkPI0U4ngzyIg ZVAMchwR4VBCs20gRhQfWuEA+ QQFjpKHM6BGf+5EVSL1mObTl3p UL5chpHFhyAQ1AEDjgDZXADKq AGMHgEz+AVvBlPxovxbnxMSjP GtGcf/IHx+QOCkJ44</latexi t>
PnP-SGD(30)
<latexit sha1 _base64="LgvBvyB6XobYGHC7 ulOKY2d2yqU=">AAACFXicbVDL SsNAFJ3UV62vqEs3wUaooCWpC 10WFXQZ0T6gDWUyndShk0mYmQ gl5Cfc+CtuXCjiVnDn3zhNQ9HW AwPnnnMvc+/xIkqEtKxvrbCwu LS8Ulwtra1vbG7p2ztNEcYc4Q YKacjbHhSYEoYbkkiK2xHHMPAo bnnDi7HfesBckJDdyVGE3QAOG PEJglJJPf3I7AZQ3gs/cZiTms fT8vbqMjUr0/LESs3Dnl62qlY GY57YOSmDHE5P/+r2QxQHmElEo RAd24qkm0AuCaI4LXVjgSOIhn CAO4oyGGDhJtlVqXGglL7hh1w 9Jo1M/T2RwECIUeCpzmzJWW8s/ ud1YumfuQlhUSwxQ5OP/JgaMj TGERl9wjGSdKQIRJyoXQ10Dzl EUgVZUiHYsyfPk2ataltV+6ZWr p/ncRTBHtgHFWCDU1AH18ABDY DAI3gGr+BNe9JetHftY9Ja0PK ZXfAH2ucPMhCdiw==</latexi t><latexit sha1 _base64="LgvBvyB6XobYGHC7 ulOKY2d2yqU=">AAACFXicbVDL SsNAFJ3UV62vqEs3wUaooCWpC 10WFXQZ0T6gDWUyndShk0mYmQ gl5Cfc+CtuXCjiVnDn3zhNQ9HW AwPnnnMvc+/xIkqEtKxvrbCwu LS8Ulwtra1vbG7p2ztNEcYc4Q YKacjbHhSYEoYbkkiK2xHHMPAo bnnDi7HfesBckJDdyVGE3QAOG PEJglJJPf3I7AZQ3gs/cZiTms fT8vbqMjUr0/LESs3Dnl62qlY GY57YOSmDHE5P/+r2QxQHmElEo RAd24qkm0AuCaI4LXVjgSOIhn CAO4oyGGDhJtlVqXGglL7hh1w 9Jo1M/T2RwECIUeCpzmzJWW8s/ ud1YumfuQlhUSwxQ5OP/JgaMj TGERl9wjGSdKQIRJyoXQ10Dzl EUgVZUiHYsyfPk2ataltV+6ZWr p/ncRTBHtgHFWCDU1AH18ABDY DAI3gGr+BNe9JetHftY9Ja0PK ZXfAH2ucPMhCdiw==</latexi t><latexit sha1 _base64="LgvBvyB6XobYGHC7 ulOKY2d2yqU=">AAACFXicbVDL SsNAFJ3UV62vqEs3wUaooCWpC 10WFXQZ0T6gDWUyndShk0mYmQ gl5Cfc+CtuXCjiVnDn3zhNQ9HW AwPnnnMvc+/xIkqEtKxvrbCwu LS8Ulwtra1vbG7p2ztNEcYc4Q YKacjbHhSYEoYbkkiK2xHHMPAo bnnDi7HfesBckJDdyVGE3QAOG PEJglJJPf3I7AZQ3gs/cZiTms fT8vbqMjUr0/LESs3Dnl62qlY GY57YOSmDHE5P/+r2QxQHmElEo RAd24qkm0AuCaI4LXVjgSOIhn CAO4oyGGDhJtlVqXGglL7hh1w 9Jo1M/T2RwECIUeCpzmzJWW8s/ ud1YumfuQlhUSwxQ5OP/JgaMj TGERl9wjGSdKQIRJyoXQ10Dzl EUgVZUiHYsyfPk2ataltV+6ZWr p/ncRTBHtgHFWCDU1AH18ABDY DAI3gGr+BNe9JetHftY9Ja0PK ZXfAH2ucPMhCdiw==</latexi t><latexit sha1 _base64="LgvBvyB6XobYGHC7 ulOKY2d2yqU=">AAACFXicbVDL SsNAFJ3UV62vqEs3wUaooCWpC 10WFXQZ0T6gDWUyndShk0mYmQ gl5Cfc+CtuXCjiVnDn3zhNQ9HW AwPnnnMvc+/xIkqEtKxvrbCwu LS8Ulwtra1vbG7p2ztNEcYc4Q YKacjbHhSYEoYbkkiK2xHHMPAo bnnDi7HfesBckJDdyVGE3QAOG PEJglJJPf3I7AZQ3gs/cZiTms fT8vbqMjUr0/LESs3Dnl62qlY GY57YOSmDHE5P/+r2QxQHmElEo RAd24qkm0AuCaI4LXVjgSOIhn CAO4oyGGDhJtlVqXGglL7hh1w 9Jo1M/T2RwECIUeCpzmzJWW8s/ ud1YumfuQlhUSwxQ5OP/JgaMj TGERl9wjGSdKQIRJyoXQ10Dzl EUgVZUiHYsyfPk2ataltV+6ZWr p/ncRTBHtgHFWCDU1AH18ABDY DAI3gGr+BNe9JetHftY9Ja0PK ZXfAH2ucPMhCdiw==</latexi t>
PnP-SGD(10)
<latexit sha1 _base64="xzPAkhO9juRqFPQH MoCqdS6msTk=">AAACFXicbVDL SsNAFJ3UV62vqEs3wUaooCXpR pdFBV1GtA9oQ5lMJ+3QySTMTI QS8hNu/BU3LhRxK7jzb5ymoWjr gYFzz7mXufd4ESVCWta3VlhaX lldK66XNja3tnf03b2mCGOOcA OFNORtDwpMCcMNSSTF7YhjGHgU t7zR5cRvPWAuSMju5TjCbgAHj PgEQamknn5idgMoh8JPHOak5u msvLu+Ss3KrLSt1Dzu6WWramU wFomdkzLI4fT0r24/RHGAmUQUC tGxrUi6CeSSIIrTUjcWOIJoBA e4oyiDARZukl2VGkdK6Rt+yNV j0sjU3xMJDIQYB57qzJac9ybif 14nlv65mxAWxRIzNP3Ij6khQ2 MSkdEnHCNJx4pAxIna1UBDyCG SKsiSCsGeP3mRNGtV26rat7Vy/ SKPowgOwCGoABucgTq4AQ5oAA QewTN4BW/ak/aivWsf09aCls/ sgz/QPn8ALwCdiQ==</latexi t><latexit sha1 _base64="xzPAkhO9juRqFPQH MoCqdS6msTk=">AAACFXicbVDL SsNAFJ3UV62vqEs3wUaooCXpR pdFBV1GtA9oQ5lMJ+3QySTMTI QS8hNu/BU3LhRxK7jzb5ymoWjr gYFzz7mXufd4ESVCWta3VlhaX lldK66XNja3tnf03b2mCGOOcA OFNORtDwpMCcMNSSTF7YhjGHgU t7zR5cRvPWAuSMju5TjCbgAHj PgEQamknn5idgMoh8JPHOak5u msvLu+Ss3KrLSt1Dzu6WWramU wFomdkzLI4fT0r24/RHGAmUQUC tGxrUi6CeSSIIrTUjcWOIJoBA e4oyiDARZukl2VGkdK6Rt+yNV j0sjU3xMJDIQYB57qzJac9ybif 14nlv65mxAWxRIzNP3Ij6khQ2 MSkdEnHCNJx4pAxIna1UBDyCG SKsiSCsGeP3mRNGtV26rat7Vy/ SKPowgOwCGoABucgTq4AQ5oAA QewTN4BW/ak/aivWsf09aCls/ sgz/QPn8ALwCdiQ==</latexi t><latexit sha1 _base64="xzPAkhO9juRqFPQH MoCqdS6msTk=">AAACFXicbVDL SsNAFJ3UV62vqEs3wUaooCXpR pdFBV1GtA9oQ5lMJ+3QySTMTI QS8hNu/BU3LhRxK7jzb5ymoWjr gYFzz7mXufd4ESVCWta3VlhaX lldK66XNja3tnf03b2mCGOOcA OFNORtDwpMCcMNSSTF7YhjGHgU t7zR5cRvPWAuSMju5TjCbgAHj PgEQamknn5idgMoh8JPHOak5u msvLu+Ss3KrLSt1Dzu6WWramU wFomdkzLI4fT0r24/RHGAmUQUC tGxrUi6CeSSIIrTUjcWOIJoBA e4oyiDARZukl2VGkdK6Rt+yNV j0sjU3xMJDIQYB57qzJac9ybif 14nlv65mxAWxRIzNP3Ij6khQ2 MSkdEnHCNJx4pAxIna1UBDyCG SKsiSCsGeP3mRNGtV26rat7Vy/ SKPowgOwCGoABucgTq4AQ5oAA QewTN4BW/ak/aivWsf09aCls/ sgz/QPn8ALwCdiQ==</latexi t><latexit sha1 _base64="xzPAkhO9juRqFPQH MoCqdS6msTk=">AAACFXicbVDL SsNAFJ3UV62vqEs3wUaooCXpR pdFBV1GtA9oQ5lMJ+3QySTMTI QS8hNu/BU3LhRxK7jzb5ymoWjr gYFzz7mXufd4ESVCWta3VlhaX lldK66XNja3tnf03b2mCGOOcA OFNORtDwpMCcMNSSTF7YhjGHgU t7zR5cRvPWAuSMju5TjCbgAHj PgEQamknn5idgMoh8JPHOak5u msvLu+Ss3KrLSt1Dzu6WWramU wFomdkzLI4fT0r24/RHGAmUQUC tGxrUi6CeSSIIrTUjcWOIJoBA e4oyiDARZukl2VGkdK6Rt+yNV j0sjU3xMJDIQYB57qzJac9ybif 14nlv65mxAWxRIzNP3Ij6khQ2 MSkdEnHCNJx4pAxIna1UBDyCG SKsiSCsGeP3mRNGtV26rat7Vy/ SKPowgOwCGoABucgTq4AQ5oAA QewTN4BW/ak/aivWsf09aCls/ sgz/QPn8ALwCdiQ==</latexi t>
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<latexit sha1_base64="bVJE4JNVR6TudtzVTGT6OmM356Q=">AAAB/3icbVC7TgJBFL2LL8QXamkzkZhgQ3ZptCTYWBl88EhgQ2ZnZ2HCzOxmZtaEEAp/wVZ7O2Prp9j6JQ6whYInucnJOffm3Jwg4Uwb1/1ycmvrG5tb+e3Czu7e/kHx8Kil41QR2iQxj1UnwJpyJmnTMMNpJ1EUi4DTdjC6mvntR6o0i+WDGSfUF3ggWcQINlbq3N/coXJYP+8XS27FnQOtEi8jJcjQ6Be/e2FMUkGlIRxr3fXcxPgTrAwjnE4LvVTTBJMRHtCupRILqv3J/N8pOrNKiKJY2ZEGzdXfFxMstB6LwG4KbIZ62ZuJ/3qBWEo20aU/YTJJDZVkERylHJkYzcpAIVOUGD62BBPF7O+IDLHCxNjKCrYUb7mCVdKqVjy34t1WS7V6Vk8eTuAUyuDBBdTgGhrQBAIcnuEFXp0n5815dz4WqzknuzmGP3A+fwCi8JV4</latexit><latexit sha1_base64="bVJE4JNVR6TudtzVTGT6OmM356Q=">AAAB/3icbVC7TgJBFL2LL8QXamkzkZhgQ3ZptCTYWBl88EhgQ2ZnZ2HCzOxmZtaEEAp/wVZ7O2Prp9j6JQ6whYInucnJOffm3Jwg4Uwb1/1ycmvrG5tb+e3Czu7e/kHx8Kil41QR2iQxj1UnwJpyJmnTMMNpJ1EUi4DTdjC6mvntR6o0i+WDGSfUF3ggWcQINlbq3N/coXJYP+8XS27FnQOtEi8jJcjQ6Be/e2FMUkGlIRxr3fXcxPgTrAwjnE4LvVTTBJMRHtCupRILqv3J/N8pOrNKiKJY2ZEGzdXfFxMstB6LwG4KbIZ62ZuJ/3qBWEo20aU/YTJJDZVkERylHJkYzcpAIVOUGD62BBPF7O+IDLHCxNjKCrYUb7mCVdKqVjy34t1WS7V6Vk8eTuAUyuDBBdTgGhrQBAIcnuEFXp0n5815dz4WqzknuzmGP3A+fwCi8JV4</latexit><latexit sha1_base64="bVJE4JNVR6TudtzVTGT6OmM356Q=">AAAB/3icbVC7TgJBFL2LL8QXamkzkZhgQ3ZptCTYWBl88EhgQ2ZnZ2HCzOxmZtaEEAp/wVZ7O2Prp9j6JQ6whYInucnJOffm3Jwg4Uwb1/1ycmvrG5tb+e3Czu7e/kHx8Kil41QR2iQxj1UnwJpyJmnTMMNpJ1EUi4DTdjC6mvntR6o0i+WDGSfUF3ggWcQINlbq3N/coXJYP+8XS27FnQOtEi8jJcjQ6Be/e2FMUkGlIRxr3fXcxPgTrAwjnE4LvVTTBJMRHtCupRILqv3J/N8pOrNKiKJY2ZEGzdXfFxMstB6LwG4KbIZ62ZuJ/3qBWEo20aU/YTJJDZVkERylHJkYzcpAIVOUGD62BBPF7O+IDLHCxNjKCrYUb7mCVdKqVjy34t1WS7V6Vk8eTuAUyuDBBdTgGhrQBAIcnuEFXp0n5815dz4WqzknuzmGP3A+fwCi8JV4</latexit><latexit sha1_base64="bVJE4JNVR6TudtzVTGT6OmM356Q=">AAAB/3icbVC7TgJBFL2LL8QXamkzkZhgQ3ZptCTYWBl88EhgQ2ZnZ2HCzOxmZtaEEAp/wVZ7O2Prp9j6JQ6whYInucnJOffm3Jwg4Uwb1/1ycmvrG5tb+e3Czu7e/kHx8Kil41QR2iQxj1UnwJpyJmnTMMNpJ1EUi4DTdjC6mvntR6o0i+WDGSfUF3ggWcQINlbq3N/coXJYP+8XS27FnQOtEi8jJcjQ6Be/e2FMUkGlIRxr3fXcxPgTrAwjnE4LvVTTBJMRHtCupRILqv3J/N8pOrNKiKJY2ZEGzdXfFxMstB6LwG4KbIZ62ZuJ/3qBWEo20aU/YTJJDZVkERylHJkYzcpAIVOUGD62BBPF7O+IDLHCxNjKCrYUb7mCVdKqVjy34t1WS7V6Vk8eTuAUyuDBBdTgGhrQBAIcnuEFXp0n5815dz4WqzknuzmGP3A+fwCi8JV4</latexit>
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<latexit sha1_base64="bVJE4JNVR6TudtzVTGT6OmM356Q=">AAAB/3icbVC7TgJBFL2LL8QXamkzkZhgQ3ZptCTYWBl88EhgQ2ZnZ2HCzOxmZtaEEAp/wVZ7O2Prp9j6JQ6whYInucnJOffm3Jwg4Uwb1/1ycmvrG5tb+e3Czu7e/kHx8Kil41QR2iQxj1UnwJpyJmnTMMNpJ1EUi4DTdjC6mvntR6o0i+WDGSfUF3ggWcQINlbq3N/coXJYP+8XS27FnQOtEi8jJcjQ6Be/e2FMUkGlIRxr3fXcxPgTrAwjnE4LvVTTBJMRHtCupRILqv3J/N8pOrNKiKJY2ZEGzdXfFxMstB6LwG4KbIZ62ZuJ/3qBWEo20aU/YTJJDZVkERylHJkYzcpAIVOUGD62BBPF7O+IDLHCxNjKCrYUb7mCVdKqVjy34t1WS7V6Vk8eTuAUyuDBBdTgGhrQBAIcnuEFXp0n5815dz4WqzknuzmGP3A+fwCi8JV4</latexit><latexit sha1_base64="bVJE4JNVR6TudtzVTGT6OmM356Q=">AAAB/3icbVC7TgJBFL2LL8QXamkzkZhgQ3ZptCTYWBl88EhgQ2ZnZ2HCzOxmZtaEEAp/wVZ7O2Prp9j6JQ6whYInucnJOffm3Jwg4Uwb1/1ycmvrG5tb+e3Czu7e/kHx8Kil41QR2iQxj1UnwJpyJmnTMMNpJ1EUi4DTdjC6mvntR6o0i+WDGSfUF3ggWcQINlbq3N/coXJYP+8XS27FnQOtEi8jJcjQ6Be/e2FMUkGlIRxr3fXcxPgTrAwjnE4LvVTTBJMRHtCupRILqv3J/N8pOrNKiKJY2ZEGzdXfFxMstB6LwG4KbIZ62ZuJ/3qBWEo20aU/YTJJDZVkERylHJkYzcpAIVOUGD62BBPF7O+IDLHCxNjKCrYUb7mCVdKqVjy34t1WS7V6Vk8eTuAUyuDBBdTgGhrQBAIcnuEFXp0n5815dz4WqzknuzmGP3A+fwCi8JV4</latexit><latexit sha1_base64="bVJE4JNVR6TudtzVTGT6OmM356Q=">AAAB/3icbVC7TgJBFL2LL8QXamkzkZhgQ3ZptCTYWBl88EhgQ2ZnZ2HCzOxmZtaEEAp/wVZ7O2Prp9j6JQ6whYInucnJOffm3Jwg4Uwb1/1ycmvrG5tb+e3Czu7e/kHx8Kil41QR2iQxj1UnwJpyJmnTMMNpJ1EUi4DTdjC6mvntR6o0i+WDGSfUF3ggWcQINlbq3N/coXJYP+8XS27FnQOtEi8jJcjQ6Be/e2FMUkGlIRxr3fXcxPgTrAwjnE4LvVTTBJMRHtCupRILqv3J/N8pOrNKiKJY2ZEGzdXfFxMstB6LwG4KbIZ62ZuJ/3qBWEo20aU/YTJJDZVkERylHJkYzcpAIVOUGD62BBPF7O+IDLHCxNjKCrYUb7mCVdKqVjy34t1WS7V6Vk8eTuAUyuDBBdTgGhrQBAIcnuEFXp0n5815dz4WqzknuzmGP3A+fwCi8JV4</latexit><latexit sha1_base64="bVJE4JNVR6TudtzVTGT6OmM356Q=">AAAB/3icbVC7TgJBFL2LL8QXamkzkZhgQ3ZptCTYWBl88EhgQ2ZnZ2HCzOxmZtaEEAp/wVZ7O2Prp9j6JQ6whYInucnJOffm3Jwg4Uwb1/1ycmvrG5tb+e3Czu7e/kHx8Kil41QR2iQxj1UnwJpyJmnTMMNpJ1EUi4DTdjC6mvntR6o0i+WDGSfUF3ggWcQINlbq3N/coXJYP+8XS27FnQOtEi8jJcjQ6Be/e2FMUkGlIRxr3fXcxPgTrAwjnE4LvVTTBJMRHtCupRILqv3J/N8pOrNKiKJY2ZEGzdXfFxMstB6LwG4KbIZ62ZuJ/3qBWEo20aU/YTJJDZVkERylHJkYzcpAIVOUGD62BBPF7O+IDLHCxNjKCrYUb7mCVdKqVjy34t1WS7V6Vk8eTuAUyuDBBdTgGhrQBAIcnuEFXp0n5815dz4WqzknuzmGP3A+fwCi8JV4</latexit>
k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9ls J+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVN IItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9ls J+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVN IItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9ls J+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVN IItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9ls J+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVN IItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>
B = 10
<latexit sha1_base64="aU8g2ymFLEnHVL9SbMSCLDfcLyg=">AAAB7Xic bVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cO jllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4vp357SemDVfywU4SFsRkKHnEKbFOatXRDfJxv1zBVTwHWiV+TiqQo9Evf/UGiqYxk5YKYkzXx4kNMqItp4 JNS73UsITQMRmyrqOSxMwE2fzaKTpzygBFSruSFs3V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqkFVo9joacM2oFRNHCNXc3YroiGhCrQuo 5ELwl19eJa2Lqo+r/v1lpVbP4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6BxjdY=</latexit><latexit sha1_base64="aU8g2ymFLEnHVL9SbMSCLDfcLyg=">AAAB7Xic bVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cO jllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4vp357SemDVfywU4SFsRkKHnEKbFOatXRDfJxv1zBVTwHWiV+TiqQo9Evf/UGiqYxk5YKYkzXx4kNMqItp4 JNS73UsITQMRmyrqOSxMwE2fzaKTpzygBFSruSFs3V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqkFVo9joacM2oFRNHCNXc3YroiGhCrQuo 5ELwl19eJa2Lqo+r/v1lpVbP4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6BxjdY=</latexit><latexit sha1_base64="aU8g2ymFLEnHVL9SbMSCLDfcLyg=">AAAB7Xic bVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cO jllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4vp357SemDVfywU4SFsRkKHnEKbFOatXRDfJxv1zBVTwHWiV+TiqQo9Evf/UGiqYxk5YKYkzXx4kNMqItp4 JNS73UsITQMRmyrqOSxMwE2fzaKTpzygBFSruSFs3V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqkFVo9joacM2oFRNHCNXc3YroiGhCrQuo 5ELwl19eJa2Lqo+r/v1lpVbP4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6BxjdY=</latexit><latexit sha1_base64="aU8g2ymFLEnHVL9SbMSCLDfcLyg=">AAAB7Xic bVBNSwMxEJ2tX7V+VT16CRbBU8mKoBeh1IvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjcX42yusrW9sbhW3Szu7e/sH5cO jllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4vp357SemDVfywU4SFsRkKHnEKbFOatXRDfJxv1zBVTwHWiV+TiqQo9Evf/UGiqYxk5YKYkzXx4kNMqItp4 JNS73UsITQMRmyrqOSxMwE2fzaKTpzygBFSruSFs3V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqkFVo9joacM2oFRNHCNXc3YroiGhCrQuo 5ELwl19eJa2Lqo+r/v1lpVbP4yjCCZzCOfhwBTW4gwY0gcIjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH6BxjdY=</latexit>
B = 30
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PnP-FISTA
<latexit sha1_base64="o23IoWUuv7VmiIzstrvex3AB3uM=">AAACCHicdVDLSgMxFM34rPVVdenCYCu4cUhqS3VXFUR3FW0ttKVk0oyGZjJDkhHK0KU bf8WNC0Xc+gnu/BvTh6KiBwIn59zLvfd4keDaIPTuTExOTc/MpubS8wuLS8uZldWaDmNFWZWGIlR1j2gmuGRVw41g9UgxEniCXXrdo4F/ecOU5qG8ML2ItQJyJbnPKTFWamc2cs2AmGvtJxVZ6ed2vr7Hp+cXB/1cO5NFbgFjtI8gctFuERfzcKCUcKEEsYuGyIIxKu3MW7MT0jhg0lBBtG5gFJlWQpThVLB+uhlrFhHa JVesYakkAdOtZHhIH25ZpQP9UNknDRyq3zsSEmjdCzxbOVzztzcQ//IasfH3WgmXUWyYpKNBfiygCeEgFdjhilEjepYQqrjdFdJrogg1Nru0DeHzUvg/qeVdjFx8ls+WD8dxpMA62ATbAIMSKIMTUAFVQMEtuAeP4Mm5cx6cZ+dlVDrhjHvWwA84rx+LSJkG</latexit><latexit sha1_base64="o23IoWUuv7VmiIzstrvex3AB3uM=">AAACCHicdVDLSgMxFM34rPVVdenCYCu4cUhqS3VXFUR3FW0ttKVk0oyGZjJDkhHK0KU bf8WNC0Xc+gnu/BvTh6KiBwIn59zLvfd4keDaIPTuTExOTc/MpubS8wuLS8uZldWaDmNFWZWGIlR1j2gmuGRVw41g9UgxEniCXXrdo4F/ecOU5qG8ML2ItQJyJbnPKTFWamc2cs2AmGvtJxVZ6ed2vr7Hp+cXB/1cO5NFbgFjtI8gctFuERfzcKCUcKEEsYuGyIIxKu3MW7MT0jhg0lBBtG5gFJlWQpThVLB+uhlrFhHa JVesYakkAdOtZHhIH25ZpQP9UNknDRyq3zsSEmjdCzxbOVzztzcQ//IasfH3WgmXUWyYpKNBfiygCeEgFdjhilEjepYQqrjdFdJrogg1Nru0DeHzUvg/qeVdjFx8ls+WD8dxpMA62ATbAIMSKIMTUAFVQMEtuAeP4Mm5cx6cZ+dlVDrhjHvWwA84rx+LSJkG</latexit><latexit sha1_base64="o23IoWUuv7VmiIzstrvex3AB3uM=">AAACCHicdVDLSgMxFM34rPVVdenCYCu4cUhqS3VXFUR3FW0ttKVk0oyGZjJDkhHK0KU bf8WNC0Xc+gnu/BvTh6KiBwIn59zLvfd4keDaIPTuTExOTc/MpubS8wuLS8uZldWaDmNFWZWGIlR1j2gmuGRVw41g9UgxEniCXXrdo4F/ecOU5qG8ML2ItQJyJbnPKTFWamc2cs2AmGvtJxVZ6ed2vr7Hp+cXB/1cO5NFbgFjtI8gctFuERfzcKCUcKEEsYuGyIIxKu3MW7MT0jhg0lBBtG5gFJlWQpThVLB+uhlrFhHa JVesYakkAdOtZHhIH25ZpQP9UNknDRyq3zsSEmjdCzxbOVzztzcQ//IasfH3WgmXUWyYpKNBfiygCeEgFdjhilEjepYQqrjdFdJrogg1Nru0DeHzUvg/qeVdjFx8ls+WD8dxpMA62ATbAIMSKIMTUAFVQMEtuAeP4Mm5cx6cZ+dlVDrhjHvWwA84rx+LSJkG</latexit><latexit sha1_base64="o23IoWUuv7VmiIzstrvex3AB3uM=">AAACCHicdVDLSgMxFM34rPVVdenCYCu4cUhqS3VXFUR3FW0ttKVk0oyGZjJDkhHK0KU bf8WNC0Xc+gnu/BvTh6KiBwIn59zLvfd4keDaIPTuTExOTc/MpubS8wuLS8uZldWaDmNFWZWGIlR1j2gmuGRVw41g9UgxEniCXXrdo4F/ecOU5qG8ML2ItQJyJbnPKTFWamc2cs2AmGvtJxVZ6ed2vr7Hp+cXB/1cO5NFbgFjtI8gctFuERfzcKCUcKEEsYuGyIIxKu3MW7MT0jhg0lBBtG5gFJlWQpThVLB+uhlrFhHa JVesYakkAdOtZHhIH25ZpQP9UNknDRyq3zsSEmjdCzxbOVzztzcQ//IasfH3WgmXUWyYpKNBfiygCeEgFdjhilEjepYQqrjdFdJrogg1Nru0DeHzUvg/qeVdjFx8ls+WD8dxpMA62ATbAIMSKIMTUAFVQMEtuAeP4Mm5cx6cZ+dlVDrhjHvWwA84rx+LSJkG</latexit>
PnP-ADMM<latexit sha1_base64="eWnI6Ihoc5mGs1lwCNp/YNZE+Q0=">AAACB3icdVDLSgMxFM3UV62vUZeCBFvBjWVmoNVlfSzcFEawD2iHkkkzbWgmMyQZoQzdufF X3LhQxK2/4M6/MX0oVfTAhZNz7iX3Hj9mVCrL+jAyC4tLyyvZ1dza+sbmlrm9U5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGP7gY+41bIiSN+I0axsQLUY/TgGKktNQx9wvtEKm+DFKXu6PC8ffz7LJaHRU6Zt4uWhNAq2jbJadU1sQqO+WSBb+sPJjB7Zjv7W6Ek5BwhRmSsmVbsfJSJBTFjIxy7USSGOEB6pGWphyFRHrp5I4 RPNRKFwaR0MUVnKjzEykKpRyGvu6cbPnbG4t/ea1EBadeSnmcKMLx9KMgYVBFcBwK7FJBsGJDTRAWVO8KcR8JhJWOLjcfwv+k7hRtHdG1k6+cz+LIgj1wAI6ADU5ABVwBF9QABnfgATyBZ+PeeDRejNdpa8aYzeyCHzDePgG/vJiV</latexit><latexit sha1_base64="eWnI6Ihoc5mGs1lwCNp/YNZE+Q0=">AAACB3icdVDLSgMxFM3UV62vUZeCBFvBjWVmoNVlfSzcFEawD2iHkkkzbWgmMyQZoQzdufF X3LhQxK2/4M6/MX0oVfTAhZNz7iX3Hj9mVCrL+jAyC4tLyyvZ1dza+sbmlrm9U5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGP7gY+41bIiSN+I0axsQLUY/TgGKktNQx9wvtEKm+DFKXu6PC8ffz7LJaHRU6Zt4uWhNAq2jbJadU1sQqO+WSBb+sPJjB7Zjv7W6Ek5BwhRmSsmVbsfJSJBTFjIxy7USSGOEB6pGWphyFRHrp5I4 RPNRKFwaR0MUVnKjzEykKpRyGvu6cbPnbG4t/ea1EBadeSnmcKMLx9KMgYVBFcBwK7FJBsGJDTRAWVO8KcR8JhJWOLjcfwv+k7hRtHdG1k6+cz+LIgj1wAI6ADU5ABVwBF9QABnfgATyBZ+PeeDRejNdpa8aYzeyCHzDePgG/vJiV</latexit><latexit sha1_base64="eWnI6Ihoc5mGs1lwCNp/YNZE+Q0=">AAACB3icdVDLSgMxFM3UV62vUZeCBFvBjWVmoNVlfSzcFEawD2iHkkkzbWgmMyQZoQzdufF X3LhQxK2/4M6/MX0oVfTAhZNz7iX3Hj9mVCrL+jAyC4tLyyvZ1dza+sbmlrm9U5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGP7gY+41bIiSN+I0axsQLUY/TgGKktNQx9wvtEKm+DFKXu6PC8ffz7LJaHRU6Zt4uWhNAq2jbJadU1sQqO+WSBb+sPJjB7Zjv7W6Ek5BwhRmSsmVbsfJSJBTFjIxy7USSGOEB6pGWphyFRHrp5I4 RPNRKFwaR0MUVnKjzEykKpRyGvu6cbPnbG4t/ea1EBadeSnmcKMLx9KMgYVBFcBwK7FJBsGJDTRAWVO8KcR8JhJWOLjcfwv+k7hRtHdG1k6+cz+LIgj1wAI6ADU5ABVwBF9QABnfgATyBZ+PeeDRejNdpa8aYzeyCHzDePgG/vJiV</latexit><latexit sha1_base64="eWnI6Ihoc5mGs1lwCNp/YNZE+Q0=">AAACB3icdVDLSgMxFM3UV62vUZeCBFvBjWVmoNVlfSzcFEawD2iHkkkzbWgmMyQZoQzdufF X3LhQxK2/4M6/MX0oVfTAhZNz7iX3Hj9mVCrL+jAyC4tLyyvZ1dza+sbmlrm9U5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGP7gY+41bIiSN+I0axsQLUY/TgGKktNQx9wvtEKm+DFKXu6PC8ffz7LJaHRU6Zt4uWhNAq2jbJadU1sQqO+WSBb+sPJjB7Zjv7W6Ek5BwhRmSsmVbsfJSJBTFjIxy7USSGOEB6pGWphyFRHrp5I4 RPNRKFwaR0MUVnKjzEykKpRyGvu6cbPnbG4t/ea1EBadeSnmcKMLx9KMgYVBFcBwK7FJBsGJDTRAWVO8KcR8JhJWOLjcfwv+k7hRtHdG1k6+cz+LIgj1wAI6ADU5ABVwBF9QABnfgATyBZ+PeeDRejNdpa8aYzeyCHzDePgG/vJiV</latexit>
PnP-SGD
<latexit sha1_base64="mAz+HKRT/uGuloTEzUY3nxKOrgY=">AAACBnicdVDLSgMxFM3UV62vqksRgq3gxmFmbG27KyrosqJ9QFtKJs20oZnMkGSE MnTlxl9x40IRt36DO//G9KGo6CGBk3PuJfceN2RUKst6NxJz8wuLS8nl1Mrq2vpGenOrJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDr26zdESBrwazUMSdtHPU49ipHSUie9m235SPWlF1d4ZZQ9/HpenZ+Nsp10xjKtfNEu5KFl5o4cfTQplezcsQNt05ogA2aodNJvrW6AI59whRmSsmlboWrHSCiKGRml WpEkIcID1CNNTTnyiWzHkzVGcF8rXegFQl+u4ET93hEjX8qh7+rKyZC/vbH4l9eMlFdsx5SHkSIcTz/yIgZVAMeZwC4VBCs21ARhQfWsEPeRQFjp5FI6hM9N4f+k5pi2ZdqXTqZ8MosjCXbAHjgANiiAMrgAFVAFGNyCe/AInow748F4Nl6mpQlj1rMNfsB4/QBhLpht</latexit><latexit sha1_base64="mAz+HKRT/uGuloTEzUY3nxKOrgY=">AAACBnicdVDLSgMxFM3UV62vqksRgq3gxmFmbG27KyrosqJ9QFtKJs20oZnMkGSE MnTlxl9x40IRt36DO//G9KGo6CGBk3PuJfceN2RUKst6NxJz8wuLS8nl1Mrq2vpGenOrJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDr26zdESBrwazUMSdtHPU49ipHSUie9m235SPWlF1d4ZZQ9/HpenZ+Nsp10xjKtfNEu5KFl5o4cfTQplezcsQNt05ogA2aodNJvrW6AI59whRmSsmlboWrHSCiKGRml WpEkIcID1CNNTTnyiWzHkzVGcF8rXegFQl+u4ET93hEjX8qh7+rKyZC/vbH4l9eMlFdsx5SHkSIcTz/yIgZVAMeZwC4VBCs21ARhQfWsEPeRQFjp5FI6hM9N4f+k5pi2ZdqXTqZ8MosjCXbAHjgANiiAMrgAFVAFGNyCe/AInow748F4Nl6mpQlj1rMNfsB4/QBhLpht</latexit><latexit sha1_base64="mAz+HKRT/uGuloTEzUY3nxKOrgY=">AAACBnicdVDLSgMxFM3UV62vqksRgq3gxmFmbG27KyrosqJ9QFtKJs20oZnMkGSE MnTlxl9x40IRt36DO//G9KGo6CGBk3PuJfceN2RUKst6NxJz8wuLS8nl1Mrq2vpGenOrJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDr26zdESBrwazUMSdtHPU49ipHSUie9m235SPWlF1d4ZZQ9/HpenZ+Nsp10xjKtfNEu5KFl5o4cfTQplezcsQNt05ogA2aodNJvrW6AI59whRmSsmlboWrHSCiKGRml WpEkIcID1CNNTTnyiWzHkzVGcF8rXegFQl+u4ET93hEjX8qh7+rKyZC/vbH4l9eMlFdsx5SHkSIcTz/yIgZVAMeZwC4VBCs21ARhQfWsEPeRQFjp5FI6hM9N4f+k5pi2ZdqXTqZ8MosjCXbAHjgANiiAMrgAFVAFGNyCe/AInow748F4Nl6mpQlj1rMNfsB4/QBhLpht</latexit><latexit sha1_base64="mAz+HKRT/uGuloTEzUY3nxKOrgY=">AAACBnicdVDLSgMxFM3UV62vqksRgq3gxmFmbG27KyrosqJ9QFtKJs20oZnMkGSE MnTlxl9x40IRt36DO//G9KGo6CGBk3PuJfceN2RUKst6NxJz8wuLS8nl1Mrq2vpGenOrJoNIYFLFAQtEw0WSMMpJVVHFSCMUBPkuI3V3cDr26zdESBrwazUMSdtHPU49ipHSUie9m235SPWlF1d4ZZQ9/HpenZ+Nsp10xjKtfNEu5KFl5o4cfTQplezcsQNt05ogA2aodNJvrW6AI59whRmSsmlboWrHSCiKGRml WpEkIcID1CNNTTnyiWzHkzVGcF8rXegFQl+u4ET93hEjX8qh7+rKyZC/vbH4l9eMlFdsx5SHkSIcTz/yIgZVAMeZwC4VBCs21ARhQfWsEPeRQFjp5FI6hM9N4f+k5pi2ZdqXTqZ8MosjCXbAHjgANiiAMrgAFVAFGNyCe/AInow748F4Nl6mpQlj1rMNfsB4/QBhLpht</latexit>
Figure 6: Comparison between the batch and online PnP algorithms under a fixed measurement budget.
SNR (dB) is plotted against the number of iterations for three algorithms: PnP-SGD, PnP-FISTA, and PnP-
ADMM. The top and bottom figures show the performance when the budget is 10 and 30 illuminations,
respectively. The plot illustrates that for the same per iteration cost, PnP-SGD can significantly outperform
its batch counterparts.
Additionally, in Fig. 5, we observe that the batch and online algorithms approximately achieve the same
final SNR performance. These observations suggest that while there is an order of magnitude difference in
accuracy between B = 10 and B = 30 when measured in terms of the distance to a fixed point (see Fig. 3),
the difference is relatively mild when measured in terms of image quality (see Fig. 7), with smaller B nearly
matching the image quality of the batch algorithm.
6 Conclusion
The online PnP algorithm developed in this paper is beneficial in the context of large-scale image recon-
struction, when the amount of data is too large to be processed jointly. We presented an in-depth theoretical
convergence analysis for both batch and online variants of PnP-ISTA. Our work represents a substantial ex-
tension of the current convergence theory of PnP-algorithms for image reconstruction. Related experiments
are also presented to empirically confirm the proposed propositions and to elucidate the higher efficiency
of PnP-SGD in different representative situations. Future work will aim to apply the algorithm to other im-
age reconstruction tasks, relax some of the assumptions, and extend the theoretical results in this paper to
ADMM and FISTA.
7 Appendix
7.1 Preliminaries
We start by reviewing the key concepts useful for our analysis. A more complete description of these ideas
can be found in literature [5,44,45].
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Figure 7: Visual illustration of the reconstructed Monarch and Parrot images obtained using the PnP-SGD,
PnP-FISTA, and PnP-ADMM, all under BM3D. The original images are displayed in the first column. The
second and the third columns show the results of PnP-FISTA and PnP-ADMM with the budget of 30 illu-
minations, and the fourth and the fifth columns present the results of the PnP-SGD with the budget of 10
and 30 illuminations. Visual differences are highlighted using the rectangles drawn inside the images. Each
reconstruction is labeled with its SNR (dB) value with respect to the original image.
We will represent denoisers as functions Dσ : Rn → Rn that depend on σ > 0. We will also use a
shorthand notation Gγ , I−γ∇d to denote the gradient-step operator, where I denotes the identity operator.
We will assume that all operators are defined everywhere on Rn.
Definition 2. An operator F is Lipschitz continuous with a constant L > 0 if
‖F(x)− F(y)‖2 ≤ L‖x− y‖2, ∀x,y ∈ Rn. (18)
When L = 1, F is said to be nonexpansive.
It is straightforward to show that given two operators F1 and F2 with Lipschitz constants L1 and L2, respec-
tively, the composition F , F2 ◦ F1 has Lipschitz constant L = L1L2. This means that the composition of
two nonexpansive operators is also nonexpansive.
Definition 3. We say that x∗ ∈ Rn is a fixed point of F is x∗ = F(x∗). We denote the set of fixed points of an
operator F as fix(F) , {x ∈ Rn : x = F(x)}.
Note that the iteration of a nonexpansive operator does not necessarily converge. To see this consider a
nonexpansive operator F = −I, where I is the identity. However, the Krasnosel’skii-Mann theorem (see
Theorem 5.15 in [44]) states that the iteration of the damped operator D , (1− α)I + αF, for α ∈ (0, 1),
will converge to fix(F). This idea is further formalized with the definition of the following class of operators.
Definition 4. For a constant α ∈ (0, 1), we say that the operator D is α-averaged, if there exists a nonexpansive
operator F such that D = (1− α)I + αF.
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Table 2: Individual reconstruction SNRs for each image.
Images PnP-
ADMM
(10)
PnP-
ADMM
(30)
PnP-
FISTA
(10)
PnP-
FISTA
(30)
PnP-
SGD
(10)
PnP-
SGD
(30)
Babara 15.62 21.18 13.32 20.21 23.61 23.90
Boat 15.94 23.10 13.69 22.01 24.87 25.15
Foreman 23.10 29.19 18.46 28.61 29.61 29.80
House 19.23 26.43 15.68 26.79 28.29 28.41
Lenna 15.52 23.17 13.49 22.91 25.30 25.38
Monarch 11.46 19.66 8.80 20.69 23.51 23.65
Parrot 17.29 24.05 13.72 24.32 26.38 26.47
Pepper 15.49 22.90 11.68 22.96 24.92 25.15
Average 16.71 23.71 14.26 23.73 25.85 26.04
An important result from convex analysis is that the proximal operator is (1/2)-averaged (see p. 132 in [5]).
Similarly, when d is convex and has a Lipschitz continuous gradient of constant L, the gradient-step operator
Gγ is (γL/2)-averaged for any γ ∈ (0, 2/L) (see p. 17 in [45]). As stated next, the composition of two
averaged operators is also averaged.
Proposition 6. Let F1 be α1-averaged and F2 be α2-averaged. Then, the composite operator F , F2◦F1 = F2F1
is
α , α1 + α2 − 2α1α2
1− α1α2 (19)
averaged operator.
Proof. See Proposition 4.44 in [44].
The direct consequence of this theorem, is that the composition of the proximal operator and the gradient-
step is also an averaged operator. The following classical result was used in Definition 1 and is central for
our subsequent analysis.
Proposition 7. For a nonexpansive operator D and a constant α ∈ (0, 1), the following are equivalent:
(a) D is α-averaged.
(b) (1− 1/α)I + (1/α)D is nonexpansive.
(c) For all x,y ∈ Rn, we have that
‖D(x)− D(y)‖22
≤ ‖x− y‖22 −
(
1− α
α
)
‖x− D(x)− y + D(y)‖22
Proof. See Proposition 4.35 in [44].
7.2 Proof of Proposition 1
Proposition 1 is a direct consequence of the well-known fixed-point interpretation of ISTA (see p. 150 in [5]).
We provide the proof here for completeness by using the following characterization of the proximal operator
x = proxγr(z) ⇔
z − x
γ
∈ ∂r(x), (20)
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valid for all z ∈ Rn, where ∂r(x) is the subdifferential of r at x [63]. Let denoiseσ(·) = proxγr(·) and
x∗ ∈ fix(P). Then, from (20), we have that
x∗ = P(x∗) = proxγr(x
∗ − γ∇d(x∗))
⇔ −∇d(x∗) ∈ ∂r(x∗)
⇔ 0 ∈ ∇d(x∗) + ∂r(x∗),
which establishes the desired result.
7.3 Proof of Proposition 2
As mentioned in Appendix 7.1, the iterative application of an averaged operator is well known as Krasnosel’skii-
Mann iteration [64,65] and its convergence has been extensively discussed in literature [44,45]. Below, we
use this theory to establish a novel convergence result for PnP-ISTA.
From our assumptions, the denoiser Dσ is θ-averaged and the gradient-step operator Gγ is (γL/2)-
averaged for any γ ∈ (0, 2/L). From Proposition 6, we have that their composition P = Dσ ◦ Gγ is
α =
θ + γL2 − θγL
1− θγL2
averaged. Consider a single iteration x+ = P(x), then we have for any x∗ ∈ fix(P) that
‖x+ − x∗‖22 = ‖P(x)− P(x∗)‖22
≤ ‖x− x∗‖22 −
(
1− α
α
)
‖x− P(x)− x∗ + P(x∗)‖22
= ‖x− x∗‖22 −
(
1− α
α
)
‖x− P(x)‖22,
where we used Proposition 7(c) and the fact that x∗ = P(x∗). By considering the iteration k ≥ 1 and
rearranging the terms, we obtain
‖xk−1 − P(xk−1)‖22
≤
(
α
1− α
)[‖xk−1 − x∗‖22 − ‖xk − x∗‖22] .
By averaging this inequality over t ≥ 1 iterations and dropping the last term ‖xt − x∗‖22, we obtain
1
t
t∑
k=1
‖xk−1 − P(xk−1)‖22 ≤
1
t
(
α
1− α
)
‖x0 − x∗‖22.
To obtain the result that depends on θ ∈ (0, 1), we note that for any γ ∈ (0, 1/L], we can write
α
1− α =
θ + γL2 − θγL
(1− θ)(1− γL2 )
≤ θ +
1
2
1−θ
2
≤ 2
(
1 + θ
1− θ
)
. (21)
This establishes the desired result.
7.4 Proof of Proposition 3
Proposition 3 is a variation of the result in [24]. For completeness, we provide a proof based on the fixed-
point interpretation of ADMM (see p. 157 in [5]).
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First note that both Dσ and proxγd are continuous (since they are nonexpansive). Fixed points x
∗, z∗, s∗
of PnP-ADMM satisfy
z∗ = proxγd(x
∗ − s∗) (22a)
x∗ = Dσ(z∗ + s∗) (22b)
s∗ = s∗ + z∗ − x∗. (22c)
From (22c), we conclude that z∗ = x∗. By using the smoothness of d and the characterization (20) in (22a),
we obtain
x∗ − s∗ − z∗ = γ∇d(z∗) ⇒ s∗ = −γ∇d(x∗).
Finally, by using this in (22b), we obtain
x∗ = Dσ(x∗ − γ∇d(x∗)) = P(x∗),
which means that x∗ = z∗ ∈ fix(P) and completes the proof.
7.5 Proof of Proposition 4
We prove by providing a specific counter example. For simplicity, we assume n = 1, but the same example
can be generalized for any n ∈ N. Consider the data fidelity given by the Huber function
d(x) ,
{
1
2x
2 if |x| ≤ 1
|x| − 12 if |x| > 1
. (23)
This function is convex and has a Lipschitz continuous gradient with constant L = 1
d′(x) =
{
x if |x| ≤ 1
sgn(x) if |x| > 1 , (24)
where sgn(·) denotes the sign function. We also consider the denoiser defined as
Dσ(z) , z + σ
√
c sgn(z), (25)
where c > 0 is some constant independent of σ > 0. Since
|Dσ(x)− x|2 = σ2 c, (26)
this denoiser satisfies the definition of boundedness in (8). Then, for qk = 1, a single iteration of PnP-ISTA
can be re-written as
x = Dσ(z) = z + σ
√
c sgn(z)
z+ = x− γd′(x) =
{
(1− γ)x if |x| ≤ 1
x− γsgn(x) if |x| > 1 ,
where we assume any γ ∈ (0, 1). By combining these equations, we obtain
z+ =
{
(1− γ)(|z|+ σ√c)sgn(z) if |z| ≤ 1− σ√c
(|z|+ σ√c− γ)sgn(z) if |z| > 1− σ√c,
where we used the fact that sgn(x) = sgn(z) and expressed z = |z| sgn(z). For |z| ≤ 1− σ√c, we have that
|z+| = (1− γ)(|z|+ σ√c)
= |z|+ σ√c− γ|z| − γσ√c
≥ |z|+ σ√c− γ(1− σ√c)− γσ√c
= |z|+ σ√c− γ.
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On the other hand, for |z| > 1− σ√c, we have that
|z+| = |z|+ σ√c− γ.
This means that the iterates of PnP-ISTA satisfy
|zt| ≥ |z0|+ t(σ√c− γ), ∀t ∈ N.
Therefore, for any σ > γ/
√
c and any z0 ∈ R, the sequence {zt}t∈N generated by PnP-ISTA diverges. Since
the denoiser is bounded, this implies that the sequence {xt}t∈N also diverges. This completes the proof.
7.6 Proof of Proposition 5
We define the full proximal-gradient operator
P(x) , Dσ(x− γ∇d(x)) (27)
and its online variant over a minibatch of size B ≥ 1
P̂(x) , Dσ(x− γ∇ˆd(x)), (28)
where ∇ˆd denotes the minibatch gradient. The variance bound in Assumption 2(d) implies that for all
x ∈ Rn, we have that
E
[
‖P(x)− P̂(x)‖22
]
= E
[
‖Dσ(x− γ∇d(x))− Dσ(x− γ∇ˆd(x))‖22
]
≤ E
[
‖x− γ∇d(x)− x+ γ∇ˆd(x)‖22
]
≤ γ2E
[
‖∇d(x)− ∇ˆd(x)‖22
]
≤ γ
2ν2
B
, (29)
where in the third row we used the nonexpansiveness of Dσ. Consider a single iteration xk = P̂(xk−1), then
we have for any x∗ ∈ fix(P) that
‖xk − x∗‖22 = ‖P̂(xk−1)− P(xk−1) + P(xk−1)− P(x∗)‖22
= ‖P(xk−1)− P(x∗)‖22 + ‖P̂(xk−1)− P(xk−1)‖22 (30)
+ 2(P̂(xk−1)− P(xk−1))T(P(xk−1)− P(x∗))
≤ ‖xk−1 − x∗‖22 −
(
1− α
α
)
‖xk−1 − P(xk−1)‖22
+ ‖P̂(xk−1)− P(xk−1)‖22
+ 2‖P̂(xk−1)− P(xk−1)‖2 · ‖P(xk−1)− P(x∗)‖2,
where we used Proposition 7(c) and the Cauchy-Schwarz inequality. Note that due to nonexpansiveness of
the operator P, we have that
‖P(xk−1)− P(x∗)‖2 ≤ ‖xk−1 − x∗‖2 ≤ ‖x0 − x∗‖2. (31)
Additionally, by applying Jensen’s inequality to (29), we conclude that for all x ∈ Rn
E
[
‖P(x)− P̂(x)‖2
]
= E
[√
‖P(x)− P̂(x)‖22
]
(32)
≤
√
E
[
‖P(x)− P̂(x)‖22
]
≤ γν√
B
. (33)
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By taking a conditional expectation of (30) and using these bounds, we obtain
E
[‖xk − x∗‖22 − ‖xk−1 − x∗‖22 | xk−1]
≤
(
α− 1
α
)
‖xk−1 − P(xk−1)‖22
+
2γν√
B
‖x0 − x∗‖2 + γ
2ν2
B
,
which can be rearanged into
‖xk−1 − P(xt−1)‖22
≤
(
α
1− α
)[γ2ν2
B
+
2γν√
B
‖x0 − x∗‖2
+ E
[‖xk−1 − x∗‖22 − ‖xk − x∗‖22 | xk−1] ].
By averaging the inequality over t ≥ 1 iterations, taking the total expectation, and dropping the last term,
we obtain
E
[
1
t
t∑
k=1
‖xk−1 − P(xk−1)‖22
]
≤ α
1− α
[
γ2ν2
B
+
2γν√
B
‖x0 − x∗‖2 + ‖x
0 − x∗‖22
t
]
,
where we used the law of total expectation. By using the inequality (21), we can rewrite this expression as
E
[
1
t
t∑
k=1
‖xk−1 − P(xk−1)‖22
]
≤ 2
(
1 + θ
1− θ
)[
γ2ν2
B
+
2γν√
B
‖x0 − x∗‖2 + ‖x
0 − x∗‖22
t
]
Note that to obtain the results in Corollary 1, simply replace given values for γ and B into the inequality,
and use the following bounds that are valid for any t ∈ N
1
t
≤ 1√
t
and
1
t2
≤ 1
t
.
This establishes the desired results.
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